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1. Goal
In this note, let us describe a pair of representations ρi over Zp of a finite group
G such that:
• their reductions modulo p as Fp -representations of G are the same: ρ1 /p ∼
=
ρ2 /p; and
• after base changing to Cp , they are different representations of G.
Remark 1.1. (1) Had we allowed ramified base ring (instead of Zp ), it would be
easy to find such an example.
(2) When p = 2, the two characters of G = Z/2 is such an example. But we
regard it as “too special” because of the next remark.
(3) If we set G = Z/p and p ≥ 3, then there is no such an example. Consequently,
if p ≥ 3 and exactly divides the order of G, then there is no such an example.
2. Relevant rings
In the following, we set G = Z/p2 . Let us introduce some rings and their properties
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for later reference. First let us consider the group ring Zp [G] = Zp [T ]/(T p − 1).
Lemma 2.1.
(1) The generic fibre of the group ring is
Zp [G] ⊗Zp Qp = Qp × Qp (ζp ) × Qp (ζp2 );
(2) the special fibre of the group ring is
2

Zp [G] ⊗Zp Fp = Fp [T ]/((T − 1)p ).
Our example is inspired by [Kan98, Definition 1.4-1.5]. Following the notation in
loc. cit. , let us denote:
Pp−1
(1) A1 = Zp [T ]/(Φp2 (T )) = Zp [ζp2 ], where Φp2 (T ) = i=0 T ip ;
(2) A2 = Zp [T ]/(T p − 1) = Zp [Z/p]; and
Pp−1
(3) A3 = Zp [T ]/(Φp (T )) = Zp [ζp ], where Φp (T ) = i=0 T i .
The following lemma can be easily verified.
Lemma 2.2.
(1) All of Ai ’s are p-torsion free Zp [G]-algebras;
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(2) A1 [1/p] = Qp (ζp2 ) and A1 /p = Fp [T ]/((T − 1)p −p );
(3) A2 [1/p] = Qp × Qp (ζp ) and A2 /p = Fp [T ]/((T − 1)p ); and
(4) A3 [1/p] = Qp (ζp ) and A3 /p = Fp [T ]/((T − 1)p−1 ).
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3. Construction
Now we are ready to give the following:
Construction 3.1. For all 0 ≤ j ≤ p, let Λj be the following fibre product of
Zp [G]-algebras:
/ A1
Λj

A2


/ Fp [T ]/((T − 1)j )

To our interest is the Zp [G]-algebra structure of Λj after inverting p and the
reduction modulo p. Inverting p kills Fp [T ]/((T −1)j ), hence we know that Λj [1/p] =
Qp [G]. So these Λj ’s are just different integral lattices inside the group ring. As
for the special fiber, let us look at the two extreme cases. When j = 0, we have
2
Λ0 = A1 × A2 , and so Λ0 /p = Fp [T ]/((T − 1)p −p ) × Fp [T ]/((T − 1)p ). On the
other hand, when j = p, we have Λp = Zp [G]. Therefore, by Lemma 2.1(2), we get
2
Λp /p = Fp [T ]/((T − 1)p ).
After observing these huge amount of data1, we may confidently guess the
following:
Lemma 3.2. For all 0 ≤ j ≤ p, we have
Λj /p = Fp [T ]/((T − 1)p

2

−p+j

) × Fp [T ]/((T − 1)p−j ).

Now let us make another construction:
Construction 3.3. For all 0 ≤ j ≤ p − 1, let Λj be the following fibre product of
Zp [G]-algebras:
/ A1
Λ0j

A3


/ Fp [T ]/((T − 1)j )

Similar to the case of Lemma 3.2, we guess the following:
Lemma 3.4. For all 0 ≤ j ≤ p − 1, we have
Λ0j /p = Fp [T ]/((T − 1)p

2

−p+j

) × Fp [T ]/((T − 1)p−1−j ).

With everything stated, we can now state the example meeting our goal:
Lp−1
Lp−1
Example 3.5. Let ρ1 = i=1 Λi and ρ2 = A3 ⊕ j=1 Λ0j .
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1As two examples are really quite a lot, right?

