FROBENIUS HEIGHT OF PRISMATIC COHOMOLOGY WITH COEFFICIENTS

HAOYANG GUO AND SHIZHANG LI

ABsTrACT. We study the behavior of Frobenius operators on smooth proper pushforwards of prismatic
F-crystals. In particular we show that the i-th pushforward has its Frobenius height increased by at most i.
Our proof crucially uses the notion of prismatic F-gauges introduced by Drinfeld and Bhatt—Lurie and its
relative version, and we give a self-contained treatment without using the stacky formulation.
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1. INTRODUCTION

Background and main result. Fix a prime number p, throughout this paper we let K be a p-adic discretely
valued field with perfect residue field k, and let Ok be the ring of integers. For smooth proper p-adic formal
schemes over Ok, the prismatic cohomology introduced by Bhatt—Scholze in [BS22] (see also [BMS18] and
[BMS19]) can be regarded as the universal cohomology theory. Recently there has been many works concerning
“general coefficients” for this cohomology theory, known as prismatic F-crystals, to name a few: [MT20],
[Wu21], [BS23], [DL21], [MW21], [DLMS22| and [GR22].

In this paper, we study the behavior of these general coefficients under smooth proper pushforwards. More
precisely, we are interested in estimating the height of the induced Frobenius operator. Our main result is the
following (combining Corollary and Corollary :

Theorem 1.1 (Main Theorem). Let f: X — Y be a smooth proper morphism of smooth p-adic formal
schemes over Ok of relative equidimension n, and let (€, pg) be an T-torsionfree coherent prismatic F-crystal
over X with Frobenius height in [a,b].
Then for each integer i, the i-th relative prismatic cohomology R'f ’*E induces a coherent prismatic
F-crystal over'Y , whose Z-torsionfree quotient has Frobenius height in [a + max{0,i — n},b + min{i,n}|.
Moreover there exists a Verschiebung operator

$i: I8 00 R'f € — " R'f €,

which is inverse to the Frobenius operator of R'f L& up to multiplying TO0+b),
1
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According to [DLMS22, Theorem 1.3] or [GR22| Theorem A], any Z,-crystalline local system comes from
an [-torsionfree coherent prismatic F-crystal. Moreover, in [GR22| §8| the first named author and Reinecke
have described alternative approaches to showing that the induced Frobenius operator on Rf _& is an isogeny.
The approach in this paper has the advantage that we can allow torsions in coefficients and éohomology, and
we give precise bounds on Frobenius height.

Notice that prismatic F-crystals can give rise to usual crystalline F-crystals in characteristic p as well as
local systems in characteristic 0. Our estimate of Frobenius height is compatible with the work of Kedlaya
[Ked06, Thm. 6.7.1] bounding Frobenius slopes of rigid cohomology with coefficients as well as the work of
Shimizu [Shil8| Theorem 5.10] controlling generalized Hodge—Tate weights of cohomology of local systems.

In the case of constant coefficient £ = O X this result has been established by Bhatt—Scholze in [BS22]
§15]. In fact, our proof is in spirit a generalization of theirs: We found a canonical way to promote the
F-crystal to a “Nygaard-filtered F-crystal”, a.k.a. prismatic F'-gauge, whose graded pieces are controlled and
can be estimated by coherent cohomologies. The framework of prismatic F-gauges had been laid down by
Drinfeld [Dri20] and Bhatt—Lurie [BL22al, [BL22b]. Many detailed discussions can be found in lecture notes
by Bhatt [Bha22], and our paper is inspired by results therein. However we choose to not follow their stacky
approach, and instead just discuss prismatic (F-)gauges and relative (F-)gauges using slightly more concrete
terms.

In the remainder of this introduction, let us briefly indicate the proof idea, which will also allow us to
summarize various sections of this article.

Constructions. As some preliminary discussions, in Section we explain the existence of a standard
t-structure on the category of prismatic (F-)crystals on X (see Definition , so that we have well-defined
functors R’ f . sending coherent crystals on X to those on Y, and expressions like “coherent” and “I-torsionfree”
appearing in the main theorem above make sense.

Here comes the main construction. In Section we give a definition of (absolute) (F-)gauges on the
formal spectra of qrsp algebras S and show that the assignment S — (F-)Gauge(Spf(5)) is a quasi-syntomic
sheaf (see Proposition . By the unfolding process (c.f. [BMS19), Proposition 4.31]), this gives rise to the
notion of (F-)gauges on our X. Then we show the following:

Theorem 1.2 (= Theorem [2.31). There is a functor
Ix: {I-torsionfree coherent F-crystals on X} — {coherent F-gauges on X},
given by equipping an F-crystal with the “saturated Nygaardian filtration”.

This is inspired by the special case of X = Spf(Ok) in [Bha22, Theorem 6.6.13] and extends the result in
loc. cit. to arbitrary smooth p-adic formal schemes over Spf(Ok).

Next in Section we study the analogous notion of relative (F'-)gauges on formal schemes Z that are
quasi-syntomic over the reduction of some base prism (A, I) (see also [Tan22] §2]), which again satisfies the
quasi-syntomic sheaf property (see Proposition [3.10). By a natural base change process, we have:

Theorem 1.3 (= Theorem [3.11)). Let (A,I) be a bounded prism in'Y . There is a natural functor
BC': {F-gauges on X} — {relative F-gauges on (X 5/A)}.

Moreover, we can associate a relative F-gauge with a filtered Higgs field and a filtered flat connection.
This is analogous to Hodge-Tate comparison and de Rham comparison of prismatic cohomology in [BS22],
except that we work with more general coefficients. Below for a quasi-syntomic formal scheme Z over A,
we let FilHiggs(Z/A) and FilConn(Z/A) be the categories of filtered Higgs fields over Z/A and filtered flat
connections over Z/A separately. These are filtered derived enhancements of the usual notion of Higgs
fields and flat connections (see Definition and Definition for details). Then we have the following

constructions:

Theorem 1.4 (see §3.3and §3.4|for details). Let (A,I) be a bounded prism, and let Z be a quasi-syntomic

formal scheme over A.
(i) Hodge-Tate realization: There is a natural functor

{relative F-gauges on (Z/A)} — FilHiggs(Z/A)
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(#1) de Rham realization: There is a natural functor
{relative F-gauges on (Z/A)} — FilConn(Z/A).

To summarize: at this point we have functorially attached filtrations to our prismatic F-crystal restricted
to (X z5/A). It remains to study the induced filtration.

Properties. In Section we realize that the graded pieces of an absolute gauge F is naturally equipped
with a finite increasing exhaustive filtration, which we call the weight filtration (Theorem . The key
feature for this weight filtration is that its graded pieces come from a graded coherent complexes Rede(E) on
X via base change along Ox — GryO . Moreover, when an F-gauge comes from an I-torsionfree coherent
F-crystal with Frobenius height in [a, b] as in Theorem we can relate the weight filtrations on the graded
piece Gr® E with the knowledge of the original Frobenius action; see Theorem In particular, the index of
the weight filtration, which we call the weights, also lies in [a,b]. In fact, completely analogous statements
hold as well in the relative setting and for filtered Higgs fields. Moreover the weight filtrations in absolute and
relative settings are compatible under the realization functor in Theorem [T.4] see Proposition We can
thus understand cohomology of the filtered Higgs field M using coherent cohomology of Rede (M) and that of
sheaves of differentials Q’Z JA°

Theorem 1.5 (= Corollary [3.27). Assume Z is smooth of relative dimension n over A, and let M be a
filtered Higgs field of weight [a,b]. For each i € Z, the complex RT(Z/A, Gr;M) admits a finite increasing
exhaustive filtration of range [a,b], such that each graded piece is isomorphic to RT'(Z,Red, (M) ®o, Q%/A)
for some u,v € Z.

Combining these facts, we also get the following byproduct: the Higgs field coming from a coherent
I-torsionfree F-crystal has nilpotent Higgs structure, and the order of nilpotence is bounded above by the
length of the range of Frobenius heights.

On the other hand, recall in [BS22] §15] the authors showed that the graded pieces of Nygaard filtration of
prismatic cohomology are conjugate filtrations of Hodge—Tate cohomology. Analogous results hold true in
the setting of relative F-gauges: Namely for a relative F-gauge F over Z/A, its Frobenius structure induces
isomorphisms between the graded pieces of E(V) := % E and the filtrations of the associated filtered Higgs field
(Proposition . Combine this with the analysis in Theorem [1.5] we can thus understand the cohomology
of graded pieces of F-gauges using coherent cohomology.

To understand the filtration of F-gauges, another ingredient is the fact that we work in the world of perfect
filtered /graded complexes for the entire construction process. In Section we utilize this fact, coupled
with the completeness of the relative Nygaard filtration on RT'(X /A, (1)) and some descendability results,
to show that the induced “Nygaard filtration” on the cohomology of E() is also complete. Thanks to the
completeness, to bound the cohomology of the filtration of E(!), we are allowed to do so on its graded pieces,
and hence reduce the calculation to aforementioned Nygaard-conjugate isomorphism.

Finally in Section [4 we harvest the fruits of the above discussion and deduce several results, including those
described in the above main theorem.

Byproducts and comments. At the end of this introduction, we mention several byproducts of our work
and give some comments on related topics.

Remark 1.6 (Torsion of étale cohomology with coefficients). Let X be a smooth p-adic formal scheme. As
showed in [GR22| Theorem 6.1], taking derived direct image along proper smooth morphism commutes with
étale realization functor on the category of prismatic F-crystal in perfect complexes (see also Theorem [4.8)).
Moreover, we observe (Lemma that étale realization functor is t-exact. Combine the above observations
with Theorem we get the following refinement of “weak étale comparison” (c.f. [GR22, Thm. 6.1]):

Corollary 1.7 (= Theorem + Corollary . Let f: X — Y be a smooth proper morphism between
smooth formal schemes over Spf(Ok), then derived pushforward of F-crystals in perfect complexes on X are
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F-crystals in perfect complexes on'Y, and the following diagram commutes functorially:

T(—
F-Crys* (x) —L p®)

lisse

(X, Zp)

Rf l inn,*
F-Crys* (V) L p®

lisse

(Yn: Zy)-
Moreover we have T(R'f LE)= Rif, «(T(€)).

This allows us to study torsions of individual étale cohomology groups of a given lisse étale complex over
7y, that is crystalline H using the Frobenius structure and its bound on prismatic cohomology.

Remark 1.8 (p-divisible group and F-gauges). Given a quasi-syntomic p-adic formal scheme X, it is shown
in [ALB23| Thm 1.16] that there is a natural equivalence for the following categories:

{admissible prismatic F-crystals in vector bundles of height [0, 1] on X} ~ {p-divisible groups on X}.

We show in Theorem [2.54] the aforementioned categories are further equivalent to the category of F-gauges in
vector bundles of weight [0, 1].

We also mention two natural variants of our results.

Remark 1.9 (Coherent F-gauge). As shown in Lemma an F-gauge that arises from an I-torsionfree
coherent F-crystal satisfies some extra condition on the associated graded pieces, and we call such a condition
weakly reflexive. This is related to the notion of refleziveness introduced in [Bha22 Def. 6.6.4], but is slightly
more genereal (as we do not assume the underlying F-crystal to be locally free). We expect that our method
can be used to obtain an analogous result of Theorem [1.1] concerning these general F-gauges.

Remark 1.10 (Positive characteristic case). Although we only work with smooth p-adic formal schemes
X over Ok and F-crystals/gauges on X, the entire article can be carried to the characteristic p setting:
Namely we may instead assume X to be a smooth variety over a perfect field &, and consider cohomology
of crystalline F-crystals/gauges on X. In this case, p-torsionfree coherent F-crystals naturally give rise to
coherent F-gauges, and the Frobenius operator of their cohomology satisfies the same bound as in Theorem

Finally, we mention an ongoing extension of our work.

Remark 1.11 (Torsion Fontaine-Laffaille modules). The relationship between Fontaine-Laffaille modules
in geometric setting and analytic prismatic F-crystals with Frobenius height in a restrictive range has been
discussed by [Wiir23] (see also the interesting discussion in the forthcoming [IKY] §3] as well as the upcoming
work of Christian Hokaj). In an ongoing joint work with Hui Gao and Daxin Xu, we attempt to understand
the more subtle relation between coherent prismatic F-gauges and torsion Fontaine-Laffaille modules, as well
as comparing their cohomologies.

Notation and conventions. We work in infinity categorical language throughout the article, and assume the
basics of prisms and quasi-syntomic rings, which we refer the reader to [Lur09|, [Lurl?], [BS22] and [BMS19|
for details. Moreover, we assume all the constructions, including tensor products, pullback functors, Hodge
complexes and de Rham complexes, to be derived p-complete or (p, I)-complete whenever applicable (unless
otherwise mentioned), where I is some ideal in a given ring.

A (decreasingly) filtered complex Fil®C' is defined as an object in the filtered oo-category Fun(Z°P, D(Z)),
where the latter is equivalent to the oo-category of quasi-coherent complexes over the algebraic stack A!/G,,
and is naturally equipped with a symmetric monoidal structure. A filtered algebra is then defined as an
Eo-algebra over the filtered oo-category. Similarly, we can define the notion of a graded complex and a
graded algebra in the derived content. Here for a filtered complex Fil*C, we use Gr*C = P Gr'C to denote
its associated graded complex, and use Fil*C(i) to denote its i-th shift of filtered degree, whose value at
n € Z is Fil'™C. For our applications, we also use Fil,C' and Gr,C' to denote an increasingly filtered complex

We refer the reader to [Blia22) §1.2] for the notion and the related discussions.
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and its associated graded complex. For more details, we refer to [BMSI19] §5.1] and [Bha22, §2.2.1] for brief
introductions on filtered and graded objects.

We always fix K to be a complete p-adic discretely valued field with perfect residue field k, and let O be
the ring of integers. To differentiate the notions, we use £ to denote an (F-)crystal, and use F to denote an
(F-)gauge.

Acknowledgements. The intellectual debt of this paper to Bhatt’s notes [Bha22| should be obvious to
readers. We have benefited from helpful conversations with the following mathematicians: Johannes Anschiitz,
Bhargav Bhatt, Heng Du, Hui Gao, Arthur-César Le Bras, Tong Liu, Emanuel Reinecke, Peter Scholze,
Yupeng Wang, and Daxin Xu. We would like to express special thanks to Bhargav Bhatt for discussions
on various parts of this paper. We are grateful to Tong Liu for mentioning this problem to us. During the
writing of this paper, HG is supported by Max Planck Institut fiir Mathematik, and SL is supported by the
National Natural Science Foundation of China (No. 12288201).

2. ABSOLUTE PRISMATIC F-CRYSTALS AND PRISMATIC F-GAUGES

In this section, we recall the notion of absolute prismatic F-crystals and absolute prismatic F-gauges, and
consider their relation.

2.1. The coherent prismatic (F-)crystals. Let X be a quasi-syntomic p-adic formal scheme over Ok.
Recall from [BS22] and [BS23| that we can attach to X the following ringed sites:

Definition 2.1. The (absolute) prismatic site of X is defined as the opposite category X of bounded prisms
(A, ) over X with the (p, I)-complete flat topology, and is equipped with a sheaf of rings and a sheaf of ideals

O =A10r— AT =(A1)— 1.

The prismatic structure sheaf @ admits a natural Frobenius action which lifts the usual Frobenius on its
reduction mod p.

Definition 2.2. The quasiregular semiperfectoid site of X is the opposite category Xqrsp of quasiregular
semiperfectoid algebras which are quasi-syntomic over X, equipped with the quasi-syntomic topology. It
comes with a sheaf of prisms:

( oyle)=8S+—( g,1 S)

sending S € Xqysp to the initial prism of Spf(S) as in [BS22, Prop. 7.2]. The fact that they are quasi-syntomic
sheaves follows from the theory of Nygaard filtration and quasi-syntomic descent for conjugate filtrations, see
[BS22] §12]. Notice that for every S, the ideal T o 18 non-canonically principal. The Frobenius endomorphism
of prisms induces a natural endomorphism ¢ on .

The above allows us to define various notions of coefficients associated to X. Below we let x € {vect, perf, 0}
to denote the corresponding category with coefficients in either vector bundles, perfect complexes or general
complexes.

Definition 2.3. Denote by (F-)Crys™(X) the category of prismatic (F-)crystals (in either vector bundles or
perfect complexes or general complexes) over X, in the sense of [BS23| Definition 4.1].

Concretely, an F-crystal consists of a vector bundle/perfect complex/general complex £ over the prismatic
site X together with a Frobenius-isogeny, namely an O -linear isomorphism

pe < (po E)/I]~ E[1/T).
By [BS23], Proposition 2.13 and Proposition 2.14], one also has the following descriptions when * € {vect, perf}
(F-)Crys"(X) ~ selgn (F-)Crys™(Spf(S)).

qrsp

Among objects in X , the following type of prisms plays a very useful role.

Definition 2.4. Assume X is smooth over Ok. A Breuil-Kisin prism (A4,I) in X is a prism such that
Spf(A) — X is an open immersion (c.f. [DLMS22, Example 3.4] and [GR22, proof of Theorem 5.10]).
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Below we show that such A is always with a faithfully flat Frobenius endomorphism ¢4 : A — A. We have
the following simple description of Breuil-Kisin prisms.

Lemma 2.5. Let (A,I) be a Breuil-Kisin prism over X as above, and let R be a smooth lift of A7 over W.

(1) If e > 1, then there is an isomorphism of pairs (A, I) ~ (R[u], E(u)), where E(u) is the Eisenstein
polynomial of a uniformizer . N

(2) If e =1, assuming Spf(A) is oriented, then we have an isomorphism of pairs (A, I) ~ (Ru],u — p).

Proof. By deformation theory, we can lift the isomorphism ﬁ/ p ~ A/7 to an isomorphism Rew O = A.
Again by deformation theory, we can lift the morphism R — A further to R — A.

Now we can start the proof. Assume e > 1, pick a uniformizer 7 € O C A, lift it to an element 7 € A.
Noticing that 7 is topologically nilpotent in A, we get a map RJu] — A, sending u to 7. Now we observe that
the Eisenstein polynomial E(u) is sent to zero in A, hence E(u) necessarily lands in I C A, and the source is
E(u)-adically complete whereas the target is I-adically complete. Therefore to finish our proof, we just need
to check that E(7) generates I in A. Writing E(7) = 7" +p- f, where f is a unit, and let us compute

PS(E(T)) = (77 +pd(7))" +p- o(f) — EF)P.
Using the fact that n > 1, one can check that the right hand side is p - o(f) 4+ p - g where g € (p, 7). Since A
is p-torsion free, this implies that §(E(7)) is a unit. Therefore [BS22, Lemma 2.24] gives E(7) = I.
If instead e = 1 and (A, I) is oriented. Let us choose a generator d of I. Then we get an isomorphism
E[ﬁﬂ] ~ A by sending u to d. Now we just let u = u + p. 0

Corollary 2.6. Let (A, I) be a Breuil-Kisin prism over X as above, then A is a p-torsionfree reqular ring
and the Frobenius endomorphism ¢4 : A — A is quasi-syntomic, finite, and faithfully flat.

Proof. The fact that A is p-torsionfree and regular follows immediately from the concrete description of A in
Lemma Also from the description, we see that the Frobenius on A/p is finite and lci, therefore its lift is
also finite and quasi-syntomic thanks to p-completeness of A. Using regularity, finiteness, and miracle flatness
[Sta23l Tag 00R4|, we get that ¢4 is flat. Faithfulness follows from p-completeness: the induced map on
spectrum is a homeomorphism on the locus V' (p) which contains all closed points by p-completeness, noticing
that flat map is open we see that the induced map on spectrum has to be surjective. 0

If X = Spf(R) is further assumed to be affine, then we can find such an A so that (A4, I) covers the final
object in Shv(X ). It is because with mild assumptions, we can construct absolute product of any prism
with Breuil-Kisin prisms in X , and they enjoy good complete flatness properties.

Proposition 2.7. Assume X is separated and smooth over Spt(Ok), let (A,I) be a Breuil-Kisin prism in
X andlet (A, I') be a prism in X . Then their product in Shu(X ) exists and is given by a prism (C, K).
It has the following properties:
(1) The map (A", I') = (C,K =I'C) is (p,I')-completely flat;
(2) If Im(Spf(A’) — X) C Spf(A), then the map above is (p,I')-completely faithfully flat;
(3) If the map Spf(A’) — X is p-completely flat, then the map (A, I) — (C, K = IC) is (p, I)-completely
flat.
(4) If in (3) we assume furthermore that Spf(A) C Im(Spf(A’) — X), then the map above is (p,I)-
completely faithfully flat.
Consequently, if X = Spf(R) is affine, then we can find a Breuil-Kisin prism (A, I) which covers the final
object x € Shv(X ).

This Proposition is certainly well-known to experts, for the convenience of the reader we spell out the proof
in detail. Here we temporarily abuse the notation of K.

Proof. Let us construct the prism (C, K) first: it is supposed to be the absolute pushout of (A,I) and (A’,I’)
in the category of prisms in X . Unwinding definition, we see that (C, K) is the initial object of prisms
(D, L) receiving map from both (A, I) and (A’, I') with the property that the induced map Ay x)A’ — D/L
factors through A®p, A’. Here we make two remarks:
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e For any prism (D, L) € X , using the fact that D/L™ are p-complete, we see that the map W (k) —
Ox — D/L lifts uniquely to a map W (k) — D of d-rings. This explains why the first tensor product
above is over W (k).

e Since X was assumed to be separated, the (completed) tensor product A®¢, A’ is given by a (derived)
p-complete ring corresponding to the formal scheme Spf(A) x x Spf(4’).

Back to the construction of (C, K), from the above description we see that it is necessarily given by the

delta envelope of (B,.J), whose meaning we shall explain below: Here B := A®~Lyy () A’ denotes the derived
(p,1®I',I ®1)-completed tensor product, and one checks that it is concentrated in degree 0 and is a (p, I')-
completely flat §-A’-algebra. Indeed if we derived mod B by 1 ® I’ it becomes the derived (p, I')-completed
tensor product A®LW(;€)[1’ which is seen to be a p-completely flat A’-algebra due to Lemma Let J
denote the kernel ideal of the map B — A®e A’. Below we shall check that our ideal J meets the regularity
condition in [BS22] Proposition 3.13]. Granting this the cited proposition constructs the prismatic envelope
and moreover checks that it satisfies the property (1). Now let us check the regularity condition. Due to the
Zariski locality of the regularity condition, we may assume that A is given by the concrete description in
Lemma [2.5] Now we see that the ideal J/(1® I') is Zariski locally on Spf(B/(1®I’)) given by u — 1 ® 7 and
(the lift of) a regular sequence corresponding to the kernel of E@W(k)fl’ —» A@ox A’, where both completed
tensor product are p-completed tensor product. The said kernel is Zariski locally a regular sequence because
R is p-completely smooth W (k)-algebra and A defines an open of X, so the surjection is from a p-completely
smooth A’-algebra to a p-completely Zariski open A’-algebra, which is lci mod p.

By the above paragraph, we have constructed (C,K) and it satisfies the properties listed in [BS22,
Proposition 3.13]. In particular, it satisfies (1) of our proposition. Let us check property (2): we need to
utilize the perfection (Ao, Inc) == (A, I)per of (A, I) introduced in [BS22, Lemma 3.9]. Now Corollary [2.6]
says that the Frobenius ¢4 is quasi-syntomic and faithfully flat, by construction spelled out in loc. cit. we
see that (A,1) = (A, ) is also quasi-syntomic and (p, I)-completely faithfully flat. Let us stare at the
following diagram:

(A, I'")—— (C,K) —— (E, M)

NN

(Avl) - (A007[00)

where the square is a (p, I)-completely pushing out defining the prism (E, M). By the above discussion, we
know the rightward arrows in this square are (p, I)-completely faithfully flat. Therefore we reduce our problem
to checking the composite (A, I') — (F, M) is (p,I')-completely faithfully flat. To that end, let us study
(E, M) from a slightly different perspective: By how it is defined, we see that (E, M) is the absolute pushout
of (Aco, Ino) and (A’,I') in the category of prisms in X . Since perfect prisms are initial prisms of their
reductions ([BS22, Theorem 3.10]), we see that (E, M) is the initial object in (S/A’) , where S = A'® 1 A.
This is where we use the assumption that Im(Spf(A’) — X) C Spf(A4). Now we check that S is a large
quasi-syntomic p-completely faithfully flat A’-algebra (see [BS22, Definition 15.1] for the meaning of being
“large”): Tt is the p-complete base change of a quasi-syntomic p-completely faithfully flat morphism; as for
largeness, just notice that any perfectoid algebra is large (being a quotient of the Witt vector of a perfect
ring), hence so are their base changes. By [BS22, Theorem 15.2], we learn that E is given by the derived
prismatic cohomology g/4s explained in [BS22, Construction 7.6]. Recall that we wanted to show A" = Eis
p-completely faithfully flat, the map factors through the p-completely faithfully flat map A’ — S, hence it
suffices to show S — E is p-completely faithfully flat. To that end, one just notices that this map is the 0-th
conjugate filtration on the derived Hodge-Tate cohomology E = g /a1, and the higher graded pieces of the
conjugate filtration are p-completely flat S-modules: indeed they are given by I'§(ILg a/[—1])" and the shifted
cotangent complex LLg/4/[—1] is a p-completely flat S-module (c.f. the discussion right after [BS22) Definition
15.1]).
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The proof of (3) is fairly easy: it is equivalent to asking the map A — C to be p-completely flat. We stare
at the following commutative diagram:

Spf(C') — Spf(A)

L

Spf(A/) — X.

Our assumption, together with (1) above, implies that the map Spf (C) — X is p-completely flat. Since the
map Spf(A) — X is an open immersion, we get what we want. B
As for (4): since X is separated, the preimage of Spf(A) C X defines an affine open in Spf(A’) which is also

an affine open U C Spf(A’), we may replace A’ by Ogpe(ay(U) and replace X by Spf(A) without changing
(C,K). Now we are reduced to the case where X = Spf(A) = Im(Spf(A’)). Looking again at the above
diagram, we see that Spf(C) — X = Spf(A) is p-completely faithfully flat due to (2) and (3). This finishes
the proof of properties (1)-(4) listed in this Proposition.

For the last sentence, simply notice that when X is affine, one can find a Breuil-Kisin prism (A, I') with
Spf(A/I) = X, see for instance [DLMS22, Example 3.4] or [GR22, proof of Theorem 5.10]. The statement

now follows from property (2) of product with any other prism in X . O

This allows us to put a t-structure on prismatic (F-)crystals in perfect complexes on X smooth over Ok,
as follows.

Construction 2.8. Let us assume first that X is separated and smooth over Ok. By Proposition [2.7]
we see that one can find a family of Breuil-Kisin prisms (Aj, ) indexed by A € A which jointly covers
X . Now we may form the Cech nerve of the cover | |, ,(Ax,Ix) — *, whose n-th spot is given by
(A/\NIM) X X (AAn+1 ) I/\n+1
with the corresponding family of rings Al*), so each A" really stands for the above family of rings indexed
by A"t By (p, I)-completely faithfully flat descent (c.f. [Mat22l Theorem 5.8] and [BS23, Theorem 2.2|),
the co-category (F—)Crysperf(X ) is given by the cosimplicial limit of the derived co-categories of (F-)perfect
complexes on Spf(Al*)), we define a t-structure by requiring an (F-)crystals in perfect complexes lives in < 0
part (resp. > 0 part) if the underlying complexes on Spf (A[']) is concentrated in cohomological degrees < 0
(resp. > 0).

) indexed by A"+!. Below we will simply denote this Cech nerve by Spf(Al*])

By Proposition (2), the maps from Al to any of Al*l are all (p, I)-completely flat, so are all the maps
composed with the Frobenius on Al*). Hence all these maps are already flat as A% consists of (p, I)-complete
Noetherian rings. Therefore it suffices to check the cohomological degrees for the underlying complexes on
Spf(Ay)’s. We call this the standard t-structure, below we shall check that it is indeed a t-structure and is
independent of the choice of the family (Ay, I). We refer readers to [BBD82| Chapter 1] and [Lurl7) Section
1.2.1] for a general discussion on t-structures.

Lemma 2.9. Construction defines a t-structure on (F-)Crysperf(X), When X is quasi-compact, this
t-structure is exhaustive and separated.

Proof. Given F (resp. G) in (F-)Crys"™(X) with its values on Spf(Ay)’s concentrated in degrees < 0
(resp.> 1), we see immediately that Map(F_)crysperf( X)(]: ,G) is the cosimplicial limit of contractible spaces:
This is simply because their values on each Spf(A®)’s have contractible mapping spaces for degree reason.
Therefore we get that the mapping space above is itself a contractible space. To see the existence of 7=°
truncation, one just notices that term-wise 7<% truncation still satisfies the crystal condition thanks to the
discussion prior to this Lemma. Moreover, the resulting object is a perfect complex: By crystal condition it
suffices to check this on the family of rings Al .= {Ax}xren, but this is automatic as Breuil-Kisin prisms

are regular by Corollary Due to flatness of A0l 5 Al Zatl, Al we see that the < 0 truncation of
ora (Al) is the same as the Frobenius twist of the < 0 truncation of F(A[). Hence the linearized Frobenius

extends canonically to the truncations, proving the existence of truncations for objects in F-CrysPe™ (X).
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When X is quasi-compact, one can find a disjoint union of finitely many Breuil-Kisin prisms to cover X
and the exhaustiveness and separatedness follows from the same properties of the standard ¢-structure on
Perf(R) for any regular ring R. O

Granting the claim that in the separated case the standard ¢-structure is independent of the choice of
covering families of Breuil-Kisin prisms, we make the following definition.

Definition 2.10. Let X be smooth over Ok, we define the standard t-structure on (F-)Crys®™ (X) by:
An object lives in < 0 part (resp. > 0 part) if its restriction to (F-)Crys*® (U) is so for any separated
open U C X. We say an object in (F—)Crysperf(X) is coherent if it belongs to the heart of the standard
t-structure, we denote this heart by (F-)Crys™"(X). By taking its associated homotopy category, we may
regard (F-)Crys“"(X) as an abelian category.

Applying the usual Zariski descent to Breuil-Kisin prisms, one sees that it suffices to check the above
condition for a family of separated opens U C X which jointly covers X. What is left to show is the claim
about independence of the choice of covering family of Breuil-Kisin prisms. In fact, we prove the following
stronger statement.

Proposition 2.11. Let X be separated and smooth over Ok . Fiz a covering family of Breuil-Kisin prisms
Llxea(Ax, In) — x which gives rise to a t-structure as in Construction . Let (A, I') € X and suppose
that Spf(A’) — X is p-completely flat, then the evaluation functor CrysP™ (X)) — Perf(A’) is t-exact with
respect to the standard t-structures on both sides.

In particular, being in the heart of the ¢-structure with respect to one covering family of Breuil-Kisin
prisms forces its value on any other Breuil-Kisin prism to concentrate in degree 0. This way, we see that the
t-structure we get is indeed independent of the choice of covering families of Breuil-Kisin prisms.

Proof. Let (Cy, Ky) be the product of (A, I)) and (A, I’) as in Proposition Then property (2) in said
Proposition implies that Spf(C)) gives rise to a (p, I’)-completely flat cover of Spf(A’). By definition, the
product (C*, K*®) of (A® I*) with (A’, I) exists and is given by the Cech nerve of the cover Spf(C[l) =
UAEA Spf(CA) - Spf(A/).

Now let F € Crys®?(X) be in the heart of the t-structure defined by (A, Iy). Then its values on C!*
defines a descent datum giving rise to the value on A’ (here we suppresses the ideal for simplicity). By
Proposition (3), we know that all of C!*! are (p, I)-completely flat over Al%. Since Al consists of derived
(p, I)-complete rings which are Noetherian, we see that all of C' [*] are flat over Al%l. The complexes in descent
datum are (non-canonically) given by F(C!*) ~ F(A) @ 40 Cl*, we learn that they consist of modules
sitting in degree 0. Now Lemma below ensures that the descent F(A’) also lives in degree 0, hence
proving the assertion. O

Lemma 2.12. Let A" — ClO be a J-completely faithfully flat map of derived J-complete rings, where
J={(f1, -, fr) C A is a finitely generated ideal. Denote the Cech nerve by C'*l. Then in the equivalence
Dy comp(A) ~ lima D(],Comp(C[‘]) given by J-complete faithfully flat descent, a descent datum of the right
hand side consisting of complexes M!® concentrated in cohomological degree 0 has its descent M € Dj_comp(A)
concentrated in cohomological degree 0 as well.

Proof. Since the descent M is calculated by lima M®!, it is concentrated in cohomological degrees > 0. Below
we show the reverse cohomological degree estimate.
We look at the following base change formula for any natural number m:

M %, Kos(A'; ") @ gmy Kos(C: 1) = MO @k, Kos(C; 7).

The right hand side lives in degrees < 0 by our condition that M lives in degree 0. Therefore we see
M ®%, Kos(A’; ) also lives in degrees < 0, as A’ — Cl% is J-completely faithfully flat. By the same
argument, the transition maps mo(M ®%, Kos(A’; fimH)) — mo(M ®%, Kos(A’; f™)) are all surjective. Using
the fact that M is derived J-complete, we get that M = R lim,, (M ®%, Kos(A'; f[”)), which lives in degrees
< 0 due to the above analysis. OJ
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Let us point out that we do not know if the converse to the above holds true: Namely given a J-complete
A-module M, base change M along a J-completely flat ring map A — B might not be concentrated in degree
0 anymore. Now we can show the aforementioned independence of the choice of Breuil-Kisin prisms.

Corollary 2.13. Let X be a smooth formal scheme over Og. An object F € (F-)Crysperf(X) lives in <0
part (resp. > 0 part) if and only if any of the following equivalent condition holds:
(1) There exists a covering family of Breuwil-Kisin prisms (Ax, Ix) in X , such that F(Ax,I) lives in
D=(A,) (resp. DZ°(Ay)).
(2) For any Breuil-Kisin prism (A,I) € X , we have F(A,I) € DSO(A) (resp. DZ°(A)).
(3) There exists a covering family of prisms (A,I) € X with Spf(A) — X being p-completely flat, such
that F(A,I) € D<°(A) (resp. D=°(A)).
(4) For any prism (A,I) € X such that Spf(A) — X is p-completely flat, we have F(A,I) € D<°(A)
(resp. DZ°(A)).

Proof. We shall prove the “living in < 0 part” statement, as the other part can be proved similarly. It is easy
to see that (4) implies (3) and (2), (2) implies (1), and (1) implies that F lives in < 0 part. The last condition
implies (4): This is exactly Proposition m

What is left to show is that (3) also implies that F lives in < 0 part. Now we look at the truncation
G := 77%F). Equivalently, we need to show G is zero. By Proposition and condition (3), we see that G
has value 0 on a covering family of prisms, hence it is zero. O

Definition 2.14 (I-torsionfree crystal). We say an € € (F-)Crys“"(X) is I-torsionfree if the map of coherent
crystals: T ®p & — £ is injective, i.e. has no kernel with respect to the standard ¢-structure. Equivalently,
this is asking £(A) to be I-torsionfree for all (or a covering family of) Breuil-Kisin prisms (A4,1) € X .

Remark 2.15. We have the following fully faithful inclusion of categories:
(F-)Crys"*"(X) C (F-)Crys™(X) C (F-)Crys"™ ¢ (F-)Crys®"(X),

for the last inclusion, where the target is regarded as an abelian category (since it is the heart of the standard
t-structure), see [GR22, Theorem 5.10]. By definition, we have a natural fully faithful inclusion of co-categories

(F-)Crys™"(X) C (F-)Crys* " (X).

Recall in [BS23, §3] the authors introduced the notion of Laurent F-crystals (see Definition 3.2 in loc. cit.).
According to the Corollary 3.7 in loc. cit., Laurent F-crystals on a bounded p-adic formal scheme X are
functorially identified with the locally constant derived category of the adic generic fiber of X:

Dyert(X O [T 1)=" = D) (X, Z,).

lisse

Notice that the right hand side has its own standard ¢-structure.

Lemma 2.16. Let X be a smooth formal scheme over Spf(QOk), then the base change functor compose with
the above étale realization functor (—®o O [1/I ]g)cp:l: F-CrysP"(X) — D (X, Zy) is t-exact.

lisse

Proof. Tt suffices to prove the statement locally on X, so we may assume X = Spf(R) is affine which
has a Breuil-Kisin prism (A,I) with A/I = R and the Frobenius p4: A/I[1/p] — A/(p(I))[1/p] is finite
étale: Indeed, we may assume that X admits a toric chart, then the Breuil-Kisin prism constructed in
[DLMS22, Example 3.4] has these properties. Suppose £ € F-Crys®"(X), we need to show its étale realization

T(E) € Dl(fs)se(Xn, Z,) sits in cohomological degree 0.

To that end, let Ro, := Apers/I be the reduction of the perfection of (A, I), whose adic generic fiber
is an affinoid perfectoid pro-finite-étale cover of X. It suffices to show that the restriction of T'(€) to
Spf(Roo)y sits in cohomological degree 0. Tracing through the proof of [BS23 Corollary 3.7|, we see that
the restriction of T'(£) is computed (via the tilting equivalence) by the g-invariants (as a pro-étale sheaf)
of E(Apert)[1/1])) = E(A) ®a Apert[1/1]}). By definition, the perfect complex £(A) is given by a finitely
presented A-module in degree 0. The ring map A — Apere[1/1 ]]/J\ is p-completely flat, hence is flat thanks to
Noetherianity of A. Therefore we see that £(Aperr)[1/1];) is also concentrated in degree 0. Now our claim is
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equivalent to the statement that ¢ —1 on E(Apert)[1/1];) is surjective (as pro-étale Zj,-sheaves on Apers[1/1])).
This is well-known, but let us still sketch a proof: Since £(Apers)[1/1];) is derived p-complete, the cokernel is
also derived p-complete, therefore it suffices to show its mod p reduction is 0. Equivalently it suffices to show
the (derived) g-invariants of the derived mod p reduction &(Aperr)[1/1]/p lives in degrees < 0, let us denote it
by T(/"p).

Finally we may use [BS23, Proposition 3.6]: The authors show that after trivializing T(£/%p) on an étale
neighborhood U of Spec(Apert[1/1]/p), so that T(£/Fp)(U) is just an F,, complex (which we need to show to be
concentrated in degrees < 0), we have an isomorphism T(S/Lp)(U)®]Fp Oy ~ 5(Aperf)[I/I]/Lp®,4perf[1/1]/p Ovu,
as pro-étale sheaves. Now we claim victory as the right hand side lives in degrees < 0. O

Another notion of central interest to our article is the height of an I-torsionfree prismatic F-crystal.

Definition 2.17. Let X be a smooth formal scheme over Spf(Of), and let (€, ps) € F-Crys " (X). We say
it has height in [a, b] if the linearized Frobenius

pe: o € — E[1/1]

has its image squeezed in the following manner: I°€ C Im(pg) C I?€, viewed as sub-O -modules in £[1/1].
When [a,b] = [0, h], we simply say it is effective of height < h, this terminology is compatible with [DLMS22]
Definition 3.14].

Remark 2.18. One can check height of (€, p¢) on a covering family of prisms whose reduction is flat over X.

Example 2.19. Fix notation as above, the prismatic structure sheaf with its Frobenius is effective and
has height < 0. Assuming that X is smooth proper of relative equidimension d over Spf(Qf), then the
i-th derived pushforward of @ has its I-torsionfree quotient being effective of height < min{i, d}: [BS22,
Corollary 15.5] shows the < 4 inequality, and the < d inequality can be directly proved using [LL20, Lemma
7.8]. In fact the bound in terms of dimension d holds more generally, one can translate an argument due
to Bhatt (see [GR22, Remark 8.11]) to the following concrete estimate: if X — Y is an equi-d-dimensional
smooth (without properness!) map of smooth formal schemes over Spf(Ok) and let (£, pg) be an I-torsionfree
effective F-crystal on X with height < h, then for any integer i the i-th derived pushforward (R’f L€ ©ve)
has its I-torsionfree quotient of height < (d + h). Our paper aims at generalizing these height estimates, see

Corollary [£.5

2.2. Prismatic F-gauges. In this subsection we shall recall the notion of prismatic F-gauges, introduced by
Drinfeld and Bhatt—Lurie. Let us start with F-gauges over a quasiregular semiperfectoid ring.

Definition 2.20 (|[Bha22l Definition 5.5.17 and Example 6.1.7]). Let S be a quasiregular semiperfectoid ring.
A prismatic gauge on Spf(S) is a (p, I)-complete filtered complex Fil*E over Fily, g. A prismatic F-gauge
E = (E,Fil°E,¢g) on Spf(S) consists of the following data:

e a prismatic gauge (E, Fil*E), called the underlying gauge of E;
e a map of filtered complexes

P :FiI'E — 1% g® . E,

which is linear over the filtered map ¢ o Fily s —I* s;
e such that the filtered linearization

pp :Fil'E®g, I* s —I'E
is a filtered isomorphism in D}—(p,])_comp(fz s) =~ D, 1)-comp( 5)-

Following the convention of [Bha22|, we call Fil*E a Nygaardian filtration on E. So a prismatic gauge is
nothing but a prismatic crystal equipped with a Nygaardian filtration.

Definition 2.21. Let S be a quasiregular semiperfectoid ring.

(1) We use (F-)Gauge(Spf(S)) to denote the category of prismatic (F-)gauges over Spf(S).
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(2) We use (F-)Gauge” (Spf(S)) with x € {vect, perf} to denote the subcategory of (F-)Gauge(Spf(S))
consisting of those E € (F-)Gauge(Spf(S)) such that the underlying filtered Fily, g-complex Fil*F is
in Vect(Fily ) := Vect(Spf(Rees(Fily s))/Gnm) (resp. Perf(Spf(Rees(Fily 5))/Gn)).

(3) We use (F-)Gauge™"(Spf(S)) to denote the full subcategory of (F-)Gauge®® (Spf(S)) such that the
underlying gauge is a module over g filtered by submodules.

Remark 2.22. The mapping space between two coherent (F-)gauges on Spf(S) is discrete.

Remark 2.23. For a map of quasiregular semiperfectoid rings S1 — Sz in Xy and * € {0, vect, perf}, the
completed filtered base change induces a natural functor

Q(s,,9,) (F-)Gauge" (Spf(S1)) — (F-)Gauge” (Spf(Ss)),

(E,Fil°E, () — (EQQ) s, FiI'E Q) Fily s, (fr ¢ 5)-
5 Fil, s,
From the construction, the induced functor on underlying (F-)crystals is the natural pullback functor.

By taking limit of the above categories, we obtain the definition of (F-)gauges for more general schemes.

Definition 2.24. Let X be a quasi-syntomic formal scheme. The category of prismatic (F-)gauges over X is
defined as the limit of co-categories
(F-)Gauge™(X) == lim (F-)Gauge®(Spf(S)),

S€Xqrsp

where x € {(), vect, perf, coh}.

Remark 2.25. There is a natural functor from (F-)gauges to (F-)crystals by forgetting the filtration, and it
is compatible with the limit formula in [BS23, Proposition 2.14].

Remark 2.26. In the stacky formalism of [Bha22|, the categories (F-)Gauge”(Spf(9)) for * € {0, vect, perf}
are equivalent to the categories of complexes (resp. vector bundles, resp. perfect complexes) over the filtered
prismatization X (resp. syntomification X*¥™) of X. However the analogous statement is probably not true
when * = coh.

A key fact is that the category of (F-)gauges form a sheaf under quasi-syntomic topology. Before proving
this, let us record some useful flatness criteria in commutative algebra.

Lemma 2.27. Let A — B be a ring map, let f € A be a nonzerodivisor in both A and B. Assume that
A/f — B/f and A[1/f] — B[1/f] are (faithfully) flat, then A — B is (faithfully) flat. If J C A is a finitely
generated ideal, then the analogous statement with all “(faithfully) flat” replaced by “J-completely (faithfully)
flat” also holds.

Proof. Let us prove the “flat” statement first, the faithful part is easy. Let M be an A module, denote by
N the submodule consisting of f-power torsion elements, then M /N is an f-torsion free A module. Since
Tor{ (M, B) is squeezed between Tor:' (N, B) and Tori{ (M /N, B), it is equivalent to showing the later two
vanish for ¢ > 0.

Let us treat N first. Since N is the filtered colimit of its finitely generated submodules N’ each of which
is annihilated by a power (depending on the finitely generated submodule) of f, we are further reduced to
showing: If ¢ annihilates N’, then N’ ®@% B lives in degree 0. Now we write N’ @4 B = N’ ®f‘/fc AJfeeLiB =
N’ ®ﬁ /e B/ f¢: For the second equality we use the fact that f is a nonzerodivisor in B. We may appeal to
[Sta23| |Tag 051C| and see that A/f¢ — B/ f° is flat.

Now we treat M/N. First we observe M/N ®@% B®L B/f = (M/N)/*f ®fl/f B/ f which lives in degree 0

by f-torsion free assumption on M /N and flatness of A/f — B/f. Therefore we see that Tor{'(M/N ok B)
are f-invertible for all i > 0: Indeed one simply observes that Tor;' (M/N ®% B)/f and Tor; | (M/N ®%
B)[f] are subquotients of H;((M/N @4 B) ®% B/f). Hence we may invert f and get Tor;'(M/N,B) =
Tor?[l/f] (M/N[1/f],B[1/f]) = 0 for all ¢ > 0, here the first equality follows from previous sentence and the
second equality follows from the flatness assumption on A[1/f] — B[1/f].
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For the J-complete analog, one simply runs the above argument with the starting assumption that M is an
A/J module. O

Lemma 2.28. Let (A,File(A)) — (B,File(B)) be a filtered map of commutative unital rings equipped
with increasing exhaustive multiplicative N-indexed filtrations. If the graded ring map Gre(A) — Gre(A) is
(faithfully) flat, then A — B is (faithfully) flat. If J C Filg(A) is a finitely generated ideal and if the increasing
filtrations on A and B are J-completely exhaustive, then the analogous statement with all “(faithfully) flat”
replaced by “J-completely (faithfully) flat” also holds.

Proof. It is equivalent to showing the following: let K C A be an ideal, then K ® 4 B — B is injective (for the
faithfully flat statement we need to further show that this map is not surjective unless K = A is the unit ideal).
Now we equip K with the induced filtration Fil;(K) = K NFil;(A), and consider the following filtered map
Fil(K ®4 B) := Fils(K) ®§ﬂ.(A) File(B) — File(B). The source is equipped with exhaustive increasing N-
indexed filtration and the above map has its graded pieces given by Gre(K ®4 B) = Gre(K) ®ér.(A) Gre(B) —
Gre(B). As Gre.K is a graded ideal inside of GreA, the (faithfully) flatness of Gre(A) — Gre(B) implies
that the above has its source living in degree 0 and the induced map is injective (and not surjective unless
Gre(K) = Gre(A)). This together with the snake lemma implies that K — A = colim;_, (Fil;(K) — Fil;(A))
is injective (and not surjective unless K = A). For the completely (faithfully) flat statement, one just runs
the above argument with the assumption that K contains J. g

The quasi-syntomic descent of (F-)gauges follows from [Bha22l Theorem 5.5.10 and Remark 5.5.18|, and
since our definition (which does not involve the stacky approach) a priori does not agree with the one given in
Bhatt’s notes, we give a direct proof.

Proposition 2.29 (c.f. [Bha22, Theorem 5.5.10 and Remark 5.5.18]). Let S — S© be a quasi-syntomic cover
of quasiregular semiperfectoid rings, and let S be the p-completed Cech nerve. Then for = € {0, perf, vect},
we have a natural equivalence
(F-)Gauge™ (Spf(S)) ~ [1%1& (F-)Gauge” (Spf(S™)).

Proof. Let us treat the descent of gauges first, we fix a map R — S where R is perfectoid with its associated
perfect prism (A, I = (d)). Via Rees’s construction (see [Bha22l §2.2]), we can regard gauges as graded
(p, I)-complete modules over the graded ring Rees(Fil%) := €., Filyyt~*. Therefore the descent of gauges
follows from the following two statements:

(1) The map Rees(Fily( s)) — Rees(Fily( g)) is (p, I)-completely faithfully flat.

(2) For any map of qrsp algebras S — S with S© := S©55©, we have a filtered isomorphism:

€L

Fil%, ( §)®FW HFIN( s@) = Fily( g50)-

Let us prove (1) first. Using Lemma [2.27) (with the f there being ¢ here), we see that it suffices to show that
both the underlying ring map s — g and the graded algebra map

@GI"?N( S)t_i — @ GI“?V( S(o))t_i

i€N i€N
are completely faithfully flat. By [BS22, Theorem 12.2], the graded algebra is identified with Rees’s construction
of the (twisted) conjugate filtered Hodge—Tate algebra (in particular the filtration satisfies the assumption in

Lemma , namely

P Griv( s)t7 = @FIY g{ipt

i€N ieN
(similarly with S replaced by S(?)). Applying again Lemma (with the f there being d/t here), we see that
it suffices to show g — g and @,y GréoM(Tg) Tt P,cn Gré™ (" g )t~ are completely faithfully flat.
Here we have also used the fact that g — g is (p, I)-completely faithfully flat if and only if g — 75(0) is
p-completely faithfully flat. Now we apply Lemma [2:28]to the conjugate filtered Hodge—Tate rings, we see that

all we need to show is the p-completely faithfully flatness of the graded algebra map (of conjugate filtration).
Since the graded algebra of conjugate filtration is the (derived) Hodge algebra, the map (p-completed) is
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identified with I'§(Lg/r[~1])" — T (Lgw  r[—1])". Since the target is S©)_algebra, we see this map can
be factored through the base change along S — S(©) which is p-completely faithfully flat. Finally, we are
reduced to showing the map Iy, (Ls/r[-1]@sSO) — [0y (L@ /p[—1])" (induced by the natural map of
cotangent complexes) is p-completely faithfully flat. This follows from the fact that

Cone(Lg/r[-1]®55 = Lo/ rl-1]) = Lgw /s[-1]

is a p-completely flat S(®)-module thanks to the quasi-syntomicity of S — S(©) and the assumption that S(©)
is semiperfectoid.

Let us now show the statement (2) above. Such a filtered map is a filtered isomorphism if and only if its
underlying and graded maps are both isomorphisms. By [BS22] Theorem 12.2], the graded map is identified
with:

(BFLE™C 98 (g wuen o) (DFLC 50)7) = (DFL™( g0t ™).
i€N i€N i€N

Via the Rees’s construction, the above being an isomorphism is equivalent to the following filtered map being
an isomorphism:

FIE ()@ oo, File™ ( s0) = FiLY( 50)).

Now for a map of increasingly N-indexed p-completely exhaustively filtered complexes, being a filtered
isomorphism is equivalent to its graded map being an isomorphism. After taking graded algebras, we are
reduced to showing the following graded map being an isomorphism:

I5(Lg,p[=1)"®ryws)ni-1)" o (Lsw/rl=1)" = T Lz g[-1)"

The left hand side is identified with I'; (Cone(Ls/R[—l]@)Sg(O) — ]LS(())/R[—I}@S(O)S’V(O)@Lg/R[—l]@gg(O)))A’

and we are further reduced to showing the following map of S©_modules is an isomorphism:

1

Cone(Lg/r[-1]855” = Lgw /r[~11850 5 & Lg, 5[-1]1855”) = Lgw ,p[-11",

which follows from the fact that S© is given by p-completely (derived) tensor of S(®) and S over S and
functoriality of cotangent complexes. This finishes the proof of the graded part of the Nygaard-filtered base
change formula, and it also simultaneously proves the part about underlying complexes: Since in the process
we have showed the following filtered map being an isomorphism:

FIEY( 5)Bpeom—, FILY( 50) = FIPY( 50):

Taking its underlying map, we get the following isomorphism: i@:@* T 50 =N 75(0), which in turn shows
S

that its I-completely deformed map is also an isomorphism: 3@ s SO = S (by derived Nakayama’s
Lemma).

As for the descent of F-gauges, since we have established the descent of gauges we are reduced to showing
descent of the Frobenius morphism which follows from flat descent. d

Lemma 2.30. In Proposition the descent of coherent (F-)gauges is again coherent.

Proof. Perfectness can be checked flat locally, see [Sta23l [Tag 068T], so all we need to check is the cohomological
concentration property. This follows immediately from Lemma [2:12] O

The following is our main theorem in this subsection, which says that any coherent I-torsionfree prismatic F-
crystal can be canonically extended to a coherent prismatic F-gauge equipped with “the saturated Nygaardian
filtration”. This extends the special case of X = Spf(Of) in [Bha22, Theorem 6.6.13] to arbitrary smooth
p-adic formal schemes over Spf(Ok).

Theorem 2.31. Let X be a smooth formal scheme over Ok .


https://stacks.math.columbia.edu/tag/068T
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(1) There is a functor
Iy : F-Crys"(X) — F-Gauge®"(X),

characterized by the requirement that for any S € Xqrsp, where Spf(S) — X is p-completely flat, the
restriction of Tx (E) on Spf(S)  satisfies Fil*(Ilx (€)( s)) = Pg '(I*E( s)). Here we are regarding
both the source and target as additive categories.

(2) The functor W x is right adjoint to the forgetful functor from I-torsionfree F-gauges to I-torsionfree
F-crystals. In fact, for any pair of (E1,Fil*Ey, $p,) € F-Gauge®(X) and (&, Pg,) € F-Crys! (X)),
we have an identification of homomorphisms:

HOInF—Cryscoh (X) (Ela 52) = HOInF—Ga.ugeCC’h (X) (Ela 115% (52))
(8) The functor x is compatible with étale pullback in X.

We need some preparatory discussion on local situations first. We fix the following assumption for the rest
of the subsection.

Situation 2.32. Let U = Spf(R) be an affine open of X, and let (A, I = (d)) be an oriented Breuil-Kisin prism
of U whose existence is again guaranteed by deformation theory (see for example [DLMS22, Example 3.4]).
Denote the perfection (Aper, I Apert) by (A, TA©®). We denote the value of € on (A, I) and (A©®, 14©)
by M and M, they are equipped with linearized Frobenii ¢y, and ¢, respectively.

Construction 2.33. Recall that the F-crystal structure provides us with a linearized Frobenii ¢% M LEUN

M1/1] and ¢% 4, M©) SETUN M©[1/1]. We define the twisted filtration on ¢* M (resp. ¢* o M) by the
following formula

Fil}, @AM := oy (I"M) (vesp. Fil}, o7y M = ‘1017/11«)) (1°M©)).

Lemma 2.34. Let E be an I-torsionfree F-crystal having height in [a,b], and denote the associated graded of
the twisted filtration on M = ¢ E(A) above by N, viewed as a graded R[u] = Gry~(A)-module. Then N is
u-torsionfree, lives in degrees > a, and N9&=" 2 Ndee=it1 ys o4 isomorphism provided i > b. In particular,
both N and N[1/u]/N have bounded p-power torsion.

Proof. Since E is I-torsionfree, we know that the linearized Frobenius is injective. Therefore we have an
identification: Fili, (M) = Im(par) N I*M. Consequently, we have

N9°s= — Tm(Im(pps) NT'M — T'M /T M),

which immediately implies u-torsionfreeness. The rest of the second sentence follows from the height condition.
It follows that the R[u]-module N is generated by its degree [a,b] pieces, and since each graded piece is
finitely generated over R, we see N is finitely generated over R[u]. Since R[u| is Noetherian, we see that
N has bounded p-power torsion. The R-module N[1/u]/N is given by the direct sum of infinite copies of

o b—i
M/T together with Coker(Ndes=t s Ndee=b) where i € [a,b — 1]. This explicit description shows the
boundedness claim of N[1/u]/N. O

We get the following consequence concerning perfectness of the twisted filtration on % M.
Lemma 2.35. The Rees(Filf, ¢% M) is a perfect module of Rees(IN) = A[t,u]/(ut — d).

Proof. Since perfectness can be tested point-wise in the sense of [Sta23 Tag 068V, it suffices to show
perfectness after (p,I)-completely inverting or quotient by ¢. Invert ¢, the ring becomes A[t*!]" which
is regular, and the module becomes % M [tT1]" which is finitely generated over the aforesaid ring. The
perfectness in this case follows from [Sta23|, Tag 066Z]. Modulo ¢, our ring becomes R[u] and our module
becomes N as in the previous lemma. During the proof of the said lemma, we have showed that N is finitely
generated over R[u|, hence the same argument in the invert ¢ case applies again. O

We need the following auxiliary lemma which says that the saturated Nygaardian filtration on Iy (E) | 40
has a model over the filtered ring (4, I).


https://stacks.math.columbia.edu/tag/068V
https://stacks.math.columbia.edu/tag/066Z
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Lemma 2.36. We have the following filtered base change formula between twisted filtrations constructed in
Construction [2.33:
Filf, i M® 4, (A, TNA®) 25 Fil? 0% o) MO,
as well as the following filtered base change formula between the twisted filtration and the saturated Nygaardian
filtration:
Fil}, %0 MO 40 1iaw) -1 (A, o7 (INA) = Fil} (A@)) = Fil* MO,

Here we are using the fact that A is a perfect prism, hence its Frobenius is invertible.

Proof. Note that we have the following relation between Rees algebras associated with various filtered rings
showing up in the statement:

Rees(INA)@ 4 A® = Rees(INA)" and
Rees(IMA)E 40,1 A = Rees(p™ ! (IMAO))" = Rees(Filyy  40/1)"

Via Rees’s construction (see [Bha22l §2.2]), our first base change formula is equivalent to the following formula:
Fil}, o M@4A©) = Fil}, o7 o M©

which follows from the fact that A — A©) is flat and under this flat map the ¢y, is base changed to @)
Similarly, our second base change formula is equivalent to:

Fil%, 0% o MO8 40,1 A® = Fil*M©.

Recall that the filtration Fil® M (©) is defined by the preimage of I-adic filtration under the semi-linear Frobenius
@ - Therefore our second base change formula follows from the fact that cp;(lm is an isomorphism and

upon base changing the source via @2}0) the linearized Frobenius ¢,,;0) becomes the semi-linear Frobenius
@M(o) . D

The following crucial proposition, which is inspired by the proof of [Bha22, Lemma 6.6.10], shows that the
saturated Nygaardian filtration satisfies filtered base change formula in a particular situation.

Proposition 2.37. Let R(®) = A(O)/I and let S be a p-completely flat quasi-syntomic R -algebra, then the
natural filtered base change is a filtered isomorphism:

(M(0)7@EI(I.M(O))> ®(A(0),Filjv)( s, Fily) = (EC $),8: (I°E( 35)))-

Consequently, if S1 — Sz is a morphism in Xqsp and suppose they are p-completely flat over some RO
constructed out of an oriented Breuil-Kisin prism (A,I = (d)), then the natural filtered base change is a
filtered isomorphism:

(EC 5032 €0 ) B o pug)( 5 FilN) 55 (6 5,).55 I°E( 5,))-

Proof. Since the map always induces an isomorphism of the underlying complex, thanks to £ being a crystal,
all we need to check is that the tensor product filtration (defined by the left hand side of the above equation)
and the saturated Nygaardian filtration (defined by the right hand side of the above equation) agree.

Now we recall in the proof of [Bha22, Lemma 6.6.10], Bhatt observes the following characterization of the
saturated Nygaardian filtration:

Porism 2.38 (Follows from the proof of [Bha22, Lemma 6.6.10]). Let A be a ring and let (M, Fil®*M;) 2
(Ms, Fil* M) be a map of two decreasing filtered objects in DF(A) such that

(i) Fil<°M, — M is an isomorphism, all Fil®* My ’s are connective;

(1i) The graded complexes Gr®(My) are coconnective;

(i11) (Fil*Ms) are A-modules with injective transitions; and

(i) The graded map Gr(@): Gr®*(M;) — Gr®(Ms) have coconnective cone.
Then (My,Fil*My) is also an honest decreasingly filtered A-module with its filtration given by Fil*M; =
7L (Fil* My).
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Proof. This is an exercise in homological algebra, below we give some hints. The conditions (i) and (ii) imply
that (M, Fil®M;) is an honest decreasingly filtered A-module. Then condition (iii) and (iv) implies that
Fil't M, = Fil'M; N g~ (Fil""! M), finishing the proof. O

We shall verify that the filtered map
(M(O)@El(I'M(O))) QA@(A(O),FH;V)( s, Filyy) 25 (E( o)1/, I°E( s)).

satisfies the conditions of Porism which will show that the tensor product filtration agrees with the
saturated Nygaardian filtration. The condition (i) is stable under filtered base change between honestly
filtered algebras, therefore the tensor product filtration satisfies the condition (i) as (M©), gzt (1°M(©)))
clearly satisfies it. The condition (iii) is easily seen to be satisfied. Finally we need to verify (ii) and (iv) in
the Porism above concerning the behavior of graded pieces.

For (ii): The graded pieces of the tensor product filtration is given by Gr(M(O))@@GrN(A(o))GrN( s)- By
Lemma we get the following description of Gr(M () = Gryy (9% M)®@ g, Grn (A®). Here the tensor is
p-completed and the base change map is given by taking graded map of composition of the following filtered
maps (where u is the image of d in I/I?):

-1
]
(A, INA) — (A© [N AO)) T4 (40) Filg).

In the proof of Proposition we have seen that the map Gry(A©®) — Gry( ) is p-completely flat.
Precomposing with the p-completely flat map R[u] — Gry (A(?)), we see that the induced map R[u] — Gry( s)
is p-completely flat. Therefore we see that Griensor(E( s)) = Grtw(go*AM)@R[u] Gry( g) is concentrated in
degree 0 because Griy (% M) has bounded p-power torsion (Lemma .

As for (iv): just like the proof of [Bha22, Lemma 6.6.10], we may identify the map

Crionsor(B( ) 25 Grraaic(E( s)[1/1])

as the p-completely base change of Gry (M) — Gry(M©)[1/u] along the map Gry(A©®) — Gry( s).
Using Lemma [2.36| again, we may identify the above map further as the following p-completely base changed
map

(Grew(pa M) = Grow(0h M)[1/u]) @ Grn( s).
Therefore it suffices to notice that (Griy (9% M)[1/u]/Griw (9% M)) has bounded p-power torsion (Lemma/|2.34)).
O

Now we are ready to prove Theorem let us stress again that it is inspired by [Bha22, Lemma 6.6.10].

Proof of Theorem[2.31]. (1): we adopt the notation in the discussion right after the statement. Let U = Spf(R)
be an affine open of X. Let R© := A /I and let R(®) be the Cech nerve of the quasi-syntomic cover
R — R with their absolute prismatic cohomology A(®) := Rr(e). We denote E(A(‘)) by M(®), and by abuse
of notation we denote the semi-linear Frobenii on these M(*) by the same symbol @g.

Since F-gauges form a quasi-syntomic sheaf (Proposition , we need to first check that the “saturated
Nygaardian filtrations” on £( pu)) satisfies filtered base change with respect to the various maps induced by
the simplicial maps between the R()’s. To that end, let [i] — [j] be an arrow in A, we need to verify the
natural map

(MO, 521 (1 MD)) & (a0 g,y (AP, Fily) - (MY, 55 (1M 1))

is a filtered isomorphism. This immediately follows from Proposition [2.37]

This shows that the saturated Nygaardian filtration defines an F-gauge IIy(€]y) on U, and the construction
is easily seen to be functorial in £ and U. The perfectness follows from combining Lemma [2.35]and Lemma [2:36]
Next we verify that these II;;(E]y)’s glue to an F-gauge on X. To that end, it suffices to check the following

Claim 2.39. For any Spf(S) € Uqgsp with p-completely flat structural map to U, the value Iy (E]y) (Spt(S))
has its filtration given by the saturated Nygaardian filtration.



18 HAOYANG GUO AND SHIZHANG LI

Granting the above claim, then for any two affine opens U and V, the restriction of Il (€|y)|vny and
ITy (€]v)|unv will be canonically identified: their values on any Spf(S) which are flat and quasi-syntomic
over U NV are canonically identified (the filtrations are given by the saturated Nygaardian filtration), finally
we just notice that these Spf(S)’s form a basis of (U N V)grsp, and F-gauges form a quasi-syntomic sheaf

(Proposition [2.29)).

Proof of the above claim: Let us base change the Cech nerve R(®) along the map R — S, and denote the
resulting Cech nerve S(*). The underlying gauge of Il (£]r)(Spf(S)) is the descent of the gauges on Spf(S(®)),
and the latter gauges are given by the filtered base change (M@, 5" (1°M ™)) @(A(i)7pi1;v)( g, Fily).
Using Proposition [2.37], we see that the latter gauges are nothing but the saturated Nygaardian filtered
module £( g). By Lemma we see the descent gauge (€( s),Filgescent) is coherent, namely it is
an honest decreasingly filtered g-module. Finally we apply Porism for the Frobenius filtered map
(E( s), FilSacent) == (E( $)[1/1],I°E( s)): we have verified conditions (i) and (ii); the condition (iii) follows
from coherence of £ and Corollary finally the condition (iv) is stable under descent as taking limit
preserves co-connectivity, hence it is satisfied for our map (as this map is the descent of maps which satisfy
condition (iv)). Therefore we may conclude that the descent filtration is again the saturated Nygaardian
filtration, which finishes our proof of the claim. O

To finish the proof of (1), we need to see that for any Spf(S) € Xqwsp with p-completely flat structural
map to X, the value ITx (£)(Spf(S)) has its filtration given by the saturated Nygaardian filtration. We may
choose a Zariski cover of Spf(S) by affine opens such that each affine open maps to an affine open in X. Then
the filtration on IIx (€)(Spf(S)) is given by descent of saturated Nygaardian filtration (by the above claim),
therefore we can use the same argument as above again to conclude that the filtration we get is the saturated
Nygaardian filtration on £( g).

Next we show (2): Let £ and &> be as in the statement. Notice that mapping spaces Mapg_cyyseon(x) (£1, €2)
and Mapp_gaugecon(x) (£1, lx (€2)) are discrete, we see that the Hom groups are glued from the Hom groups
on affine opens of U C X, so we have reduced ourselves to the case of X being an affine. In this case,
the Hom groups are computed by the corresponding Hom groups of values of Ey, &, and IIx (&) at those
Spf(S) € Xqrsp which are flat over X. So we are finally reduced to checking the analogous statement for X
replaced by these qrsp Spf(S). Since any Frobenius-equivariant map E1( g) — &2( s) uniquely extends to a
filtered map F1( s) = Hx(&)( s), as the latter is equipped with the saturated Nygaardian filtration, the
two Hom groups are canonically identified as desired.

Lastly we deal with (3): Let V' — U — X be two affines in X¢;, we just need to show the natural functor
F-GaugeP™ (U) — F-Gauge?™ (V) sends Iy (€ |) — Iy (€ |v). Choose a Breuil-Kisin prism (4, I) for U,
the étale map V' — U canonically lifts (4, ) to a Breuil-Kisin prism (A’, IA’) over (A,I) in U . Notice that
A — A’ is (p, I)-completely flat, hence flat by Noetherianity of A. Tracing through the argument of proving
(1), we see that it suffices to show the twisted filtrations on ¢*E(A) and ¢%,E(A’) are related via

Filiy 05 E(A)RAA" =5 Fily'y E(A'),
which follows directly from the flatness of A — A’ and how the twisted filtrations are defined. O

Remark 2.40. In fact we may define the functor on all of coherent F-crystals, by pulling back filtrations
from their I-torsionfree quotients. The resulting graded modules will agree with the graded modules of the
F-gauges of their I-torsionfree quotients. Since we do not need this greater generality, we restrict ourselves to
working with I-torsionfree coherent F-crystals only.

2.3. Weight filtration on graded pieces of gauges. In this subsection, we introduce a so-called weight
filtration on the associated graded of a gauge.

To start, we first define the notion of weight for an (F-)gauge, using a reduction functor that sends the
graded piece of a gauge over X to a graded complex over Ox.

Construction 2.41. Let X be a quasi-syntomic p-adic formal scheme, and let * € {0, perf, vect}. We define

the reduction functor on the category DG, comp(Xarsp, Gry ) = limsex,,., PGy comp(Gry s) as the following
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composition of functors

—®are Oqrsp

Redx = Dg;-comp(Gr;\f ) N4) ,Dg;-comp(ox);
M® M* ®Gr;\r qusp7

where Ogrsp = Gr?v is regarded as a graded Gr} -algebra via projection onto degree 0 piece. The i-th
graded piece of Redx(—) is denoted as Red; x(—). Here we implicitly use the p-completely flat descent of
p-complete complexes (resp. perfect complexes, resp. vector bundles) for the target category, namely

DG comp(Ox) = M DGy (S).

p-comp p-comp
qrsp
In particular, we have the natural limit formula for the reduction functor

Redx ~ lim Redg.

€Xqrep

When the choice of the formal scheme X is clear, we omit X in the subscripts and use Red and Red; to
abbreviate Redx and Red; x. By a slight abuse of notation, for a gauge (E, Fil*E) over X, we also abbreviate
the notation Redx (Gr*E) as Redx (E) when there is no confusion.

We then define the notion of weights for a gauge.

Definition 2.42. Let X be a quasi-syntomic formal scheme, and let [a, b] be an interval in R U {—o0, o0}.
For a graded complex M*® € DG, .y (Xqusp, Gryy ), We say it has weights in [a, b] if M™ = 0 for n < 0 and

Red;(M*®) =0, Vi ¢ [a,b].
For a gauge F = (E,Fil*FE) on X, we say it has weights in [a, b] if its associated graded M*® = Gr*E is so.

Remark 2.43. In the stacky language, the reduction functor on the category of gauges can be translated
in terms of the pullback functor along the closed immersion X x BG,, — X¥ as in [Bha22, Rmk. 5.3.14].
Similarly the “weights” defined above corresponds to the “Hodge—Tate weights” defined in loc. cit.

Using the reduction functor, we now introduce the weight filtration on the associated graded of a gauge.

Theorem 2.44. Let X be a quasi-syntomic p-adic formal scheme, let * € {0, perf,vect}, and let a < b be two
integers. Assume M® € DG o (Xqusp, G ) has weights in [a,b]. There exists a unique finite increasing
and evhaustive filtration Fil}'*(M*) on M*® indeved by i € [a,b], such that Gr}"*(M*®) is canonically isomorphic
to Redi(M') Koy GI‘;V .

Note that in the special case when M® = Gr*E where F = (E,Fil°E) € Gauge™(X), we get a weight

filtration Fil’"*(Gr®E) on Gr*E with Gr}"*(Gr*E) ~ Red;(F) ®0, Gry .
As a preparation, we first prove the following graded Nakayama lemma.

Lemma 2.45. Let R® be a commutative ring which is N-graded, and let M®* € DG(R®) be a Z-graded complex
over R® such that M™ =0 for all n < 0.

(1) Assume M® # 0 and let ¢ be the smallest integer n such that M™ # 0. Then the graded R°-complex
M*® @pre R has no deg < c piece, and its deg = ¢ piece is naturally isomorphic to M°€.
(2) Consequently, if the base change M® @pre R ~ 0, then we have M® ~ 0.

Proof. (2) follows from (1), below we prove (1). We take the graded tensor product of M*® with the following
fiber sequence of R*-graded complexes

R*' — R* — R,
resulting a fiber sequence of graded R°-complexes:

M® @pe RZ' — M® — M*® ®pe R°.
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We now claim that (M® ®@ge RZ1)4%8<¢ = (), which implies the first statement. To show the claim, we use the
bar resolution of M*® ®ge RZ!, which says that it can be computed by the colimit of the simplicial diagram of
R°-graded complexes

M*® @pe RZ! ~ colimpca(M® @po R® ®po - - @po R® @ o RZ1),

where the n-th term in the right hand side has n copies of R® in the tensor product. Notice that for a given
n € A, the degree i piece of the n-th term is isomorphic to the direct sum

@ M"Y ®po R Qpo -+ ®pro R ®po RY,
utwi+-Fwn+v=1

where each direct summand is zero unless u > ¢, w; > 0 and v > 1. As a consequence, the deg < ¢ piece of
the entire simplicial diagram vanishes. O

Proof of Theorem[2.]4 We construct the weight filtration by induction on the length of the interval [a, b]. If
the length is negative, which means the interval is empty, then by assumption we have Redx (M*®) = 0. By
graded Nakayama Lemma (2) we see that M*® = 0 and we put trivial filtration in this case.

Now we move to the induction step. We first notice that the assumption on M® implies that M* = 0 for
¢ < a. To see this, let S be any algebra in Xqsp, and let ¢ be the least integer such that M€ # 0, which exists
by assumption. Using Lemma we see that (M*(9)) e, s S is a graded S-complex whose deg < ¢

pieces vanish, and whose deg = ¢ piece is exactly M© # 0. Since M*® has weights in [a, b], by Definition m
we have ¢ > a.
The map of graded Og,sp-complexes M* — M* induces a natural map of graded Gry -complexes

(%) M Q) Gy — M,
Ogrsp

which is an isomorphism on the deg = a piece. We let C*® be the cofiber of the map (x). We claim that
it has weights in [a + 1,b] such that C" = 0 for n < 0, and the natural map M* — C*® induces a natural
isomorphism between their a + 1 < deg < b reductions.

Granting this claim, then by induction we have exhibited the weight filtration on C*, which together with
Fill* == M@ Ro.,., Grx — M?* forms a weight filtration on M* as desired.

Finally we verify the above claim. To see C™ = 0 for n < 0, one just observes that both terms in the
map (*) have no deg < a term: The latter was showed two paragraphs above, and for the former we just
observe that Gr}, has no negative degree piece. As for the rest of the claim, we apply the reduction functor
to the map (*) and get M® — Redx (M?*). By the first statement in Lemma we see that this identifies
the source as the deg = a piece of the target, hence its cofiber (which is nothing but the reduction of C*®) is
precisely the a + 1 < deg < b reductions of M*®.

As for the uniqueness: Suppose there are two such filtrations denoted by Fil; and Fil; (i € [a, b]) respectively.
We first claim that the map Fil,(M®) — M*® canonically factors through Fil| (M*®). Equivalently, we need to
show the induced map

Fil,(M*) = Red, (M*) ®0, Gry — M*/Fil, (M®)

is canonically 0. Now we observe that such a map of graded-Gr}, -modules is induced by a map of graded-
Ox-module:

Red,(M*®) — M*®/Fil,(M*),

the source has degree a whereas the target has degrees strictly larger than a by assumption of Fil’ being a
weight filtration. The claim implies that we get a natural map between Fil, and Fil/,, both by assumption are
isomorphic to Red,(M*®) ®o, Gry , and the induced map on reductions is an isomorphism. Hence we see
that the two filtrations will have the initial piece (the a-th filtration) being the same, and an induction on the
length of [a, b] implies that the induced filtrations after quotient out the common initial piece are also the
same. Therefore the two filtrations are identified.

This proves the case of * = (). The cases of * = perf or vect follows from observing that the reductions are
either graded perfect complexes or graded vector bundles respectively. O
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Remark 2.46. For an integer a and some b € Z>, U {00}, we let DG, ..., (X, Gry )[t p be the full

(X,Gr} ) whose objects have weights in [a,b]. Then the natural full embedding

*

subcategory of DG

p-comp
DG comp(X, Griy )[tﬂ y DG, comp (X, Griy )[Z p» admits a left adjoint, sending an object M* to the

grade complex C' as in the proof of Theorem [2.44]

We have the following concrete understanding of the reduction of graded pieces of F-gauges which come
from I-torsionfree F-crystals as in Theorem [2.31

Theorem 2.47. Let X be a smooth formal scheme over Ok, and let (€, pg) € F-Crys' ™ (X)) having height
in [a,b)].
(1) Then the gauge M x (&) constructed in Theorem has the reduction of its graded pieces given by a

graded coherent sheaf having gradings in [a,b].
(2) In the setting of Situation we have the following concrete description of

Redy (Gr* (Iy (€]v))) = Griy (94 M)/*u @k Ogrsp-

We remind readers that the twisted filtration on ¢% M was discussed around Construction [2.33] and the
symbol u stands for the image of d € I in Gr®(INA) (so it has degree 1).

Proof. Let us show (2) first. Tracing through the proof of Theorem especially Lemma and
Proposition [2.37] (notice that the S there forms a basis of the qrsp site of U), we get the following relation
between twisted filtration on ¢*% M and saturated filtration on Iy (€):

Fll;W(QOZM) ®(A,IN) Fll;v = FII;VHU (5)
Passing to graded pieces and applying the reduction functor, we get:

Redy (Gr*(Ily (€v))) = Griy (¢4 M) @pp) Gy Ogre Oausp = Griy (¢4 M) @ppu B(= Rlu]/u) ©r Ogesp-

To prove (1), we may work Zariski locally on X. Now the statement follows from (2) and the explicit
knowledge of Grp, (¢ M) as a graded-R[u]-module, see Lemma O

In the remainder of this subsection, we discuss the relation between weights of an F-gauge and heights of

its underlying F-crystal. First we observe that the Frobenius twist of an F-gauge is eventually [-adically
filtered.

Proposition 2.48. Let S be a quasiregular semiperfectoid ring, let E = (E,Fil*E, ¢g) € F-Gaugeperf(X) be
of weight [a,b]. Denote by Fil*(p*E) the filtered base change of Fil°E along ¢ _:Fily s —1°* s.

(i) The Frobenius structure g induces a filtered map v : Fil*(p*E) — I* @ E, which is an isomorphism
on Filzb(—). In particular, the filtered complex Filzb(@*E) 18 isomorphic to the I-adic filtration
IZ*®E.

(i1) Fori € Z, the weight filtration induces a finite increasing ezhaustive filtration of range [a,b] on the
map Gr'(v) : Gr'(p*E) — I'E, such that its j-th graded piece of the map is

Red;(E) ®s '™/ g = Red;(E) ®s ' g, i > j;
0 — Red;(F)®s I'77 g, i < j.

Proof. We first notice that as Fil*F is a filtered perfect complex over Fil}, g, its filtered base change

Fil*E ® I* s

Fily s.¢ ¢

is also a filtered perfect complex over I® . Moreover, as the ring g is (p, I)-complete, the filtered ring
I* g is thus filtered complete. In particular, by Proposition and the perfectness, the filtered complex
Fil*(¢*E) and hence FilZ°(p*E) is also filtered complete and (p, I)-complete automatically. Notice that by
the perfectness again, the g-complex F is I-adic complete. So to show the filtered map Filzb(v) is a filtered
isomorphism, it suffices to check the associated map of the graded pieces.

2This Proposition and in fact the whole Section is independent of contents before it.
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We then note by construction that the map v can be factored as the composition

FiI'E ® I°s—>FI'E & I* ¢ -2 I%E,

Fil%, s, Fil%, s,

S S

where the map ¢p is a filtered isomorphism, and to prove (i) it suffices to show that Gr="(u) is a graded
isomorphism. On the other hand, the weight filtration of Gr®F induces a finite increasing exhaustive filtration
on the graded map Gr®(u) above, whose j-th associated graded is

(%) Vi ®s N g — Vi ®s 7 s,

where V; ~ Red;(E) is a perfect S-complex of graded degrees j € [a,b]. This finishes the proof of (i), since j
is assumed to be < b. By applying Gr'(—) at the graded map (x), we further obtain (ii). O

Remark 2.49. It is clear from the proof that Proposition [2.4§| can be extended to more general F-gauges
E = (E,Fil°E, ¢g): we are only using their weights are in [a,b] and Fil*E is filtered complete.

In the following, we let F-Gauge’ 'tf(X ) be the category of coherent F-gauges with I-torsionfree underlying
F-crystals.

Corollary 2.50. Assume X is smooth over Ok, and E = (E,Fil*E,$g) € F—Gaugej'tf(X) is of height
[a,a + 1]. Then E = I x (&) where £ is the underlying F-crystal of E and I x is the functor obtained in
Theorem |2.31. In particular, E is saturated.

Proof. We adopt the notation in Situation In particular, we let U = Spf(R) be an affine open of X, and
let (4, 1) be a Breuil Kisin prism of U with perfection (A(®), TA©®) and S := A0,

Next we show that the value of E at Spf(S) is equipped with the saturated Nygaardian filtration. As
E is of height > a, we have Fil"E(S) = E(S). Moreover, by Proposition (i), Fil= T (o* SE(S)) is
isomorphic to the I-adic filtration on I*1E(S) and thus equals to @' (IZ9T1E(S)). Notice that since
¢ ,:Fily s — I sis afiltered isomorphism, we can untwist ¢ _ to get FilZ* T E(S) ~ g (12T E(S)).
Hence the value E(S) is saturated.

Now the same proof of Theorem (1) shows that the value of E at Spf(A®)/I) are equipped with
saturated Nygaardian filtrations for all 7. Lastly the same proof of Claimshovvs that for any Spf(T") € Xqrsp
with p-completely flat structural map to U, the value of E at Spf(T) has saturated Nygaardian filtration, this
finishes the proof. O

We also give a relation on the weight of an F-gauge and the height of the underlying F-crystal.

Proposition 2.51. Let X be a quasi-syntomic p-adic formal scheme, and let E = (E,FilI°E,¢gr) €
F-Gauge ™ (X).
(i) If E is of weight [a,b], then its underlying F-crystal (€, pg) has height within [a,b] as well.
(i1) Conversely, assume (€, p¢) is of height [a’,b'] with E being saturated, and there is a quasi-syntomic
cover of X by perfectoids. Then E is of weight [a’,V'].

Note that Fil*F is saturated when F is an F-gauge in vector bundle (Proposition [2.52)). As a consequence,
in this case the notion of weight of F and the height of the underlying F-crystal coincide.

Proof. As both weight and height can be checked locally with respect to quasi-syntomic topology, it suffices to
assume X = Spf(S) is quasiregular semiperfectoid. We first assume that E is of weight [a,b]. By construction
(cf. Theorem , we have Fil'E = E for i < a. In particular, since Fil'E C $5'(I'E), the image @ (F) and
hence the image of the linearlized map ¢g(FE) are contained in /*F; namely the F-crystal (€, pg) has height
> a. Moreover, by Proposition since the filtered map v is an isomorphism on Filzb(f), by forgetting
the filtration and looking at the underlying map of modules, we get the image of the linearized map ¢g(E)
contains the submodule I°E, and thus the associated F-crystal is of height < b. Here we also note that if
Red;(E) is nonzero, then by looking at the b-th graded factor of the map (%), for any j < b we have

GrP(V; @g IV §)=0— Gr*(V; 05 IF g)=V; @5 g#0.
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In particular, for any given integer I < b, the map Grlu and hence Fil'u is not surjective and hence not an
isomorphism.

For (ii), we assume the underlying F-crystal of E is of height [a’,b'], and S is perfectoid. Then the image
e (€) satisfies the inclusions

IVE Cpe(€) CIVE.
So by taking the preimage along the g-linear map g, we see wgl(I“/f)) = * &, and the map ¢ induces an
S

isomorphism @gl([ 2b' g )y~ 1 2V € On the other hand, since ¢ . is a filtered isomorphism, by the assumption
that E has saturated filtration, we get

Fil*(p" E) = e (I°€).

This in particular implies that Fil“ E = E, and E is of weight > a’. Moreover, by Proposition M(ii),
the map @' (I'E) — I'E is not an isomorphism unless i > max{l | Red;(E) # 0}, where the number
max{l | Red;(F) # 0} is by definition the largest possible weight of E (Definition [2.42). Thus E is of weight
<Vv. O

2.4. F-gauges in vector bundles and p-divisible groups. Recall that in [ALB23] the authors established,
for every quasi-syntomic p-adic formal scheme X, an anti-equivalence between p-divisible groups over X and
admissible prismatic Dieudonné crystals over X (see [ALB23] Theorem 1.4.4|). Here a prismatic Dieudonné
crystal over X is the same as an F-crystal in vector bundles over Spf(R) which is effective of height < 1, and
admissibility is a technical condition introduced in [ALB23| Def. 4.5], and is automatic if X is regular and
admits a quasi-syntomic cover by perfectoids, (see [ALB23], Definition 1.3.1 and Remark 1.4.9E|). Below, for
quasi-syntomic X, we let F—Crys?$ Ilr]"veCt(X ) be the subcategory of F—Crys‘[’&cf] (X) that consists of admissible
prismatic F-crystals of height [0,1]. We then establish an equivalence of the above category with yet another
category.
As a preparation, we show that the filtration on an F-gauge in vector bundles is always saturated.

Proposition 2.52. Let S be a quasiregular semiperfectoid ring, and let £ = (E,Fil*E, ¢g) be an F-gauge in
vector bundles over S. Then E is saturated, or more explicitly we have Fil'E = ' (I'E) fori € Z.

Corollary 2.53. Let X be a quasi-syntomic p-adic formal scheme. Then the forgetful functor below from
F'-gauges in vector bundles to its underlying F-crystals is fully faithful

F-Gauge"**(X) — F-Crys"***(X).

Proof. By assumption, as Fil*F is a filtered vector bundle over the filtered ordinary ring Fily, g, each Fil'E
is a submodule inside F such that $g(Fil'E) C I'E. Thus Fil'E C ' (I'E), and we want to show that each
inclusion is an equality. Here we note that by the assumption of Fil®E, we know the inclusion is an equality
when 7 << 0.

For each i € Z, the Frobenius structure @ induces the following commutative diagram of short exact
sequences

0 —— Fil''"'"E —— Fil'E Gr'E 0
|7 |7t =
0 —— [t I'E I'E/I"E —— 0,

where %, is the restriction of g on Fil' E. We then claim that the map Gr'E — I'E/I*t!E is injective for each
i € Z. Granting the claim, a simple diagram chasing implies that Fil'™ F = (%)~ (I"*'E) = g5 (I"'E).
Hence we get the saturatedness of Fil*E by induction and the observation that Fil'E = E for i << 0.

3Although the authors only stated that admissibility is automatic for complete regular local rings with a perfect characteristic
p residue field, their proof works for any p-complete ring R admitting a quasi-syntomic cover by a perfectoid.
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Now we check the above claim. Recall that the graded map Gr*@ : Gr*E — I*E factors through the
linearlization

Gr'E — s Gr'E ® IV g 9% g

Gry 5,Groe s

such that a further‘base change to I” g is a graded isomorphism (cf. Definition [2.20). In particular, to show
the injection of Gr'E — I'E, it suffices to show that the following map is a graded injection

Gr'E—Gr'E () I s
Gry 5,Groe s

We then notice that since Gr*E is a graded vector bundle over Gry g, its reduction Redg(F), which
is the graded base change of Gr*E from Gr} s to S, is a graded vector bundle over S. Moreover, by
Theorem the complex Gr*F is filtered by a finite exhaustive weight filtration with graded pieces being
Red;(E) ®s Gry s. Thus by a finite induction, it suffices to assume Gr®E is of the form V ®g Gry g for a
finite projective S-module V.

Finally, as S is quasiregular semiperfectoid, by [BS22, Thm. 12.2] the graded map Gr*¢ _: Gty s — N g

and thus Gry s — I g is injective. So by the flatness of V over S, we get the injection of

V ®g GI‘Z].V 5—>Gri (V@S Gr;\, S) ® flis ZV(X)SFI*S,

Gry 5,Gro¢ s

hence the claim. O

Theorem 2.54. Let X be a quasi-syntomic p-adic formal scheme. There is a natural equivalence

F—Gaugef’;ﬁt] (X) ~ F_Crys?(;i,rlr]l’ve(:t (X).

1t is compatible with Theorem when X is smooth over Spf(Ok).
The subscript [0, 1] denotes objects which are effective of height < 1.

Proof. Let (€, p¢) be a given object in F—Crys?od”f]l’VeCt (X). We use (Mg, Fil* Mg, $r) to denote the value of
spe(s) (Elspt(8)qrey) 8t S € Xrsp, which by Theorem m (1) satisfies
Fil" Mg = @,/ (I"Ms) C Mg.

We then claim that

(1) the filtered module Fil®* Mg is a filtered vector bundle over Fily, g, and

(2) for a map of rings S1 — S2 in Xgsp, the natural filtered linearlization map below is a filtered

isomorphism
Fil®* M, Dpis, o, Fily s, — Fil*M;.

Here we use M; to simplify the notation Mg,. Granting the above two claims, we see every admissible
prismatic F-crystal in vector bundles of height [0, 1] naturally underlies an F-gauge in vector bundles of
weight [0, 1]. Conversely, given an F-gauge in vector bundles of weight [0, 1], its underlying F-crystal is an
F-crystal in vector bundle of height [0,1] by Proposition 2,51} (i).

We let f € Fily, g be any nonzero divisor such that d = o(f) generates the ideal I in g. By [ALB23,
Prop. 4.29, Lem. 4.23, Prop. 4.22] (applied at (A, FilA, ¢, ¢1) = ( s, Fily g, ¢ o égp S), which satisfies the
assumption of [ALB23| Prop. 4.22] by loc. cit. Lem 4.27, Lem. 4.28), there are finite projective g-modules
Lo and L1, such that

Mg~ Lo® Ly, Fil'Mg~Fily s® L Lo Ly,

Moreover, as (&, p¢) is of height [0, 1], by Lemma we have
Fil'M = M, i <0;
Fil'M = f~' . Fil' M, i > 1.
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This in particular implies that as a filtered module over Fily, g, we have
Fil°M =Ly ® B Fily s® L ® : Fily &,

where L; is the constant filtered object siting in the filtered degrees < 4. This finishes the proof of
For we apply at S = 51, to get the aforementioned decomposition. Then by [ALB23| Lem. 4.14] we
have the following equality of submodules in M

Fil' My = Fily s, - Mo +1Im( s, ® y Fil' M, — Ms,)
which by the decomposition formula is
=Fily 5,® , (Lo®L)+Im( 5,® _ (Fily 5, ® _ Li® L)~ 58 _ (Lo® L))
=Fily 5, ® o Lo® s,® [ L.

As a consequence, we see Fil*My ~ Fil}y 5, ® _ Lo®Fily s, ® _ L1, and the natural filtered linearization
1 1
Fil}y s, ®pye . Fil®M; — Fil*M, is a filtered derived isomorphism.
N 1
Finally we show the essential surjectivity. By Proposition 2.52] an F-gauge in vector bundle has the

saturated Nygaardian filtration and is uniquely determined by the underlying F-crystal. So it is left to check
that the underlying F-crystal is admissible in the sense of [ALB23| Def. 4.5, Def. 4.10]. Namely for S € Xqysp,

we want to show that the image of Mg Fis, Mg — Mg/IMs is a vector bundle Fg over S, such that the
linearization Fs ®5 s — Mg/IMg is injective. By Proposition Fil' Mg is equal to ¢ Y(IMg), and thus
the image Fg is equal to Ms/FillMS = GrOMs. The zero-th graded piece GrOMS = Fg is a vector bundle
over Gr%y g = S, thanks to the assumption that Fil® Mg is a filtered vector bundle over Fil% g. Moreover,
by taking the zero-th graded piece of the filtered isomorphism ¢ : Fil®* Mg ®FH;V co I ¢~ IZMg, the
required injectivity of the linearlization above is equivalent to the injectivity of the maps

Gr'Ms @55 — Gr (Fil*Ms @pye R 5)-

Here by an induction on the weight filtration, we may assume Gr*Mg =V ®g Gryy s for a finite projective
S-module V of graded degree 0 or 1. In both cases, the injection follows from that of the structure sheaf,
which finishes the proof. O

3. RELATIVE PRISMATIC F-GAUGES AND REALIZATIONS
We now turn our focus to a relative version of prismatic F-gauges, and its relation with the absolute version

studied in the previous section. Throughout this section, let us fix (A4, ) a bounded prism with A := A/I.

3.1. Quasi-syntomic sheaves in relative setting. Let Z be a quasi-syntomic A-formal scheme. Consider
(Z]A)qrsp C Zqsyn, where (Z/A)qrsp denote the category of large quasi-syntomic A-algebras (in the sense of
[BS22 Definition 15.1]) together with a quasi-syntomic map to Z equipped with quasi-syntomic topology.
Then we have the following analog of the “unfolding process” in [BMS19, Proposition 4.31]:

Proposition 3.1. Restriction to qrsp objects induces an equivalence
Shve(Zgsyn) = ShVC((Z/A)qup)
for any presentable co-category C.

Proof. The proof is identical to that in loc. cit. O

Remark 3.2. Concretely, suppose we are given a quasi-syntomic sheaf 7 on (Z/A)qsp. Let R be an object
in Zysyn, and suppose we are given a large quasi-syntomic cover R — S (0) with its Cech nerve being S,
then the unfolding evaluated at R can be computed as the cosimplicial limit of F(S(®)).
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Example 3.3 (see [BMSI19, §1.3 and §5.2] and [BS22], §15]). Here are some examples of quasi-syntomic
sheaves on Spf(fl)qun: the relative prismatic cohomology _,4 and its ¢7-variant (71},4 = _/A®A,¢,AA, the

i-th Nygaard filtration on (71; 4 for any i, the relative Hodge-Tate cohomology L /A= _sa/I and its i-th
conjugate filtration for any i, the p-adic derived de Rham cohomology dR_, ; and its i-th Hodge filtration for
any ¢. By restriction, we get quasi-syntomic sheaves on Zgqp.

The following relation between the various filtrations appearing above will be constantly used (see [BS22]
Theorem 15.2 and 15.3]): we have fiber sequences

Filiy' 9, Fily Y, »arly U, =2 FIeY_ (i) and

Filiy! ), @41 - Filly @, = FilhdR_ 4.
In terms of Rees’s construction, we can formulate them uniformly:

Proposition 3.4. For simplicity, let us assume (A, I = (d)) is a bounded oriented prism. Now we view
Rees(Fil% (_I}A) =D,z Fily, (—1},4 t=" as a graded Rees(IV) = Alt, d] algebra. Then we have
d.,
Rees(Fily, (1) /5 (@) EBFHCOI1J e ( )'; and
i€N

Rees(Fil%, (_I)A)/L(t) Rees(FilydR ) 5) = D FilydR_ 1t
i€Z

The following flatness result is the analog of (proof of) Proposition m

Proposition 3.5. Let S1 — Sy be a quasi-syntomic flat (resp. faithfully flat) map of two quasz syntomic
A-algebras and let S1 — S3 be an arbitrary map of quasi-syntomic A-algebras with Sy = So®g, Ss, then:

(1) The map Hdg(S,/A) — Hdg(S2/A) is p-completely flat (resp. faithfully flat), and the graded map
Hdg(52/A)@iag(s,  4)Hdg(S3/A) — Hdg(S4/A)

is a graded isomorphism; o
(2) The filtered map Filg™™( g,/4) = Filg®™ ( 5,/4) has its corresponding Rees’s construction map being
p-completely flat (resp. faithfully flat), and the filtered map

~

FI () Do, FIS™(s2) = FI™ (g, )

is a filtered isomorphism;
(3) The filtered map Fily (dRg, a) — Fily(dRg, a) has its corresponding Rees’s construction map being
p-completely flat (resp. faithfully flat), and the filtered map

Fil}; (dRg, A)@)Fﬂ;{(dRSIM)Fﬂ}{(dRSB ,4) — Fily (dRg, /1)

s a filtered isomorphism;
(4) The filtered map Fily( qul)/A) — Fily( qu /a) has its corresponding Rees’s construction map being
(p, I)-completely flat (resp. faithfully flat), and the filtered map

qe o (1) N3 o (1) qe (1)
Filjy ( SQ/A)®FHM (sl)/A)FﬂN( sy74) = FilN ( g,/4)

is a filtered isomorphism.

Proof. The proof follows from similar argument appearing in the proof of Proposition 2.:29} the proof of
(1) has appeared there. Then similar to there, with Proposition in mind, we can use (1) together with
Lemma and Lemma to prove (2), and use (2) and Lemm 2.27| to prove both of (3) and (4). O
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3.2. Relative prismatic I'-gauges. Let (A, I) be a fixed bounded prism. For a quasi-syntomic A-formal
scheme Z, we denote by (Z/A)qsp the category of large quasi-syntomic A-algebra over Z together with
quasi-syntomic topology, in the sense of [BS22| Definition 15.1].

Definition 3.6 (c.f. [Tan22 Definition 2.14]). Let S be a large quasi-syntomic A-algebra. A prismatic gauge
E = (E,Fil*EM) over Spf(S)/A consist of the following data:

e a derived (p, I)-complete complex F over g, 4;

e a derived (p, I)-complete filtration Fil*EM on EMW = ¢4 E, linear over the Nygaard filtered relative

prismatic cohomology Fil}, g/) A

A prismatic F-gauge E = (E,Fil*EM &) over Spf(S)/A consist of the following data:
e a prismatic gauge E = (F, Fil'E(l)) over g/4 called the underlying gauge of F;
e a map of filtered complexes
op:FI'EY) — I*E=1% 48 _ E,

S/A

such that the filtered linearization
op: FiI'EW® <1> 7 ¢ — I'FE

Fily, 549
is a filtered isomorphism in D]—'(py[)_comp(lz 5/4) = Dy, 1)-comp( $/4)-
We use (F-)Gauge(Spf(S)/A) to denote the natural co-category whose objects are as above.

Remark 3.7 (c.f. [Tan22, Proposition 2.1 and Remark 2.5]). Here we notice that by [BS22, Thm. 15.2], the

filtered morphism of A-algebras
. 1 .
¢ Fily (S/)A — 1% g/a
identifies the target as (p, I)-completely inverting I C Filjlv of the source as filtered A-algebras. In particular,
the above linarization condition can be rewritten as a filtered isomorphism

AN
(F11°E<1>[1 /I]) SN 53

(p,1)
or equivalently
. , . , A
(colimiez(~ S FIED @ 17 5 R ED @ 77 ))( | SNy
p,I) =
As in Definition we can also consider the analogous subcategories consisting of vector bundles
(resp. perfect complexes, resp. coherent objects: coherence here means the underlying complex is a perfect
complex concentrated in cohomological degree 0 with filtrations given by submodules).

Remark 3.8. Similar to Remark for a map of large quasi-syntomic A-algebras S; — Sa, the completed
filtered base change induces a natural functor

D(s,,5,) ° (F-)Gauge™ (Spf(S1)) — (F-)Gauge” (Spf(Ss)),

e N e PN e 1 ~
(B, FI'EW, (¢p5)) — (ER) s/ FIPEOR) o) Filk §a@ro, o ).
S1/A Fil}, 5,/4

S1/A Sa/A
Definition 3.9. Let Z be a quasi-syntomic A-formal scheme. The category of prismatic (F-)gauges over
Z/A is defined as the limit of co-categories

(F-)Gauge™(Z/A) :=  lim  (F-)Gauge” (Spf(S)/A),
S€(Z/A)qrsp

where * € {0, vect, perf, coh}.
As in the absolute case (Proposition [2.29)), we have the following sheaf property.

Proposition 3.10. Let S — SO be a quasi-syntomic cover of large quasi-syntomic A-algebras, and let S(*)
be the p-completed Cech nerve. Then for x € {0, perf, vect}, we have a natural equivalence

(F-)Gauge™ (Spf(S)/A) ~ [ 51& (F-)Gauge” (Spf(S™)/A).
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Proof. The proof is very similar to that of Proposition 2.:29} via Rees’s dictionary, the descent property follows
from Proposition (4). O

Our main construction in this section is the following.

Theorem 3.11. Let X be a quasi-syntomic formal scheme, and let Z be a quasi-syntomic A-formal scheme,
together with a map Z — X. Then for x € {0, perf, vect}, there is a natural functor

BCx z/4: (F-)Gauge™(X) — (F-)Gauge™(Z/A),
compatible with the natural base change functor of prismatic F-crystals (F-)Crys"(X) — (F-)Crys*(Z/A).
As a preparation, we first consider the special case of quasiregular semiperfectoid rings.

Lemma 3.12. Let S be a quasi-reqular semiperfectoid ring, and let S’ a large quasi-syntomic A-algebra,
together with a map Spf(S’") — Spf(S). Then there is a functorial commutative diagram of filtered rings

Fily s — Fily §),

@ ¢
J S J s'/A
I* s ——= I* giya,

such that the top row underlies the composition of homomorphisms of rings s — g1/a4 — 591,)/A.

Proof. There is a natural commutative diagram:
s ————————— &//A

lid@l

s A= s7a8ap,4

prrcl

§ " S//A;

@

where the horizontal maps follow from the initial property of g in the category Spf(S) , and the right vertical
map is the natural factorization of ¢ o4’ with ¢,.¢; being the relative Frobenius map for prismatic cohomology

of S" over A. Moreover, if an element x € g is sent into I"™ g under ¢ .+ then by the commutativity, the

image of x in (51/)/ 4 1s sent into I" g,4 under .. By definition of Nygaard filtration for quasiregular

semiperfectoid rings [BS22, Theorem 15.2.(1)], this in particular means that the above diagram carries Fily, g
into FilRy; (31/)/ 4 under the top right composition:

del, (1)
§ T S/A T giyar

Thus we get the filtered map as needed. O

Proof of Theorem[3.11 We prove the version with F, the one without F is similar and easier. Assume
S € Xgrsp is any quasiregular semiperfectoid ring over X. Then since Spf(S) x x Z is a quasi-syntomic formal
scheme over Z, and Z is quasi-syntomic over Spf(A), we see Spf(S) x x Z admits quasi-syntomic covers by formal
spectra of large quasi-syntomic A-algebras. Let S’ be any large quasi-syntomic A-algebra that is quasi-syntomic
over Spf(S) x x Z. Since both F-gauges and relative F-gauges satisfy quasi-syntomic descent (Proposition
and Proposition 7 it suffices to construct functors BC(g g/): F-Gauge™(Spf(S)) — F-Gauge*(Spf(S’)/A)
compatible with base change in both S and S’ (defined in Remark and Remark respectively).
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Lastly we define the functor BC(g g, for any pair (S,S’) as above, by taking the filtered base change:
BC(s,5): F-Gauge™(Spf(S)) — F-Gauge™(Spf(S’)/A),

e Py e
E = (E,FiI°E — | E 14, Fil°E Fl .
(E,Fi°E, ¢p) ( ®S s/4, Fi ® iy S/A»@E®90<1> )
Here, unraveling definitions, the filtered map ¢ ® ¢ ) is given by
s//A

PE®e ¢ )
10 T -1e 1 S’/A © 7 . . ~
Fil* B®yys Filk & I'EQ,. I° sya~I"(ES _ s4),

and by the commutative diagram in Lemma [3.12] its linearization is

o N « ) . ~ (e 2y o\ .
(Fﬂ E®Fi1' Fily S//A> ®Fi1;\, (slf)/A[ e (Fﬂ E®Fi1' s[ S) ®I' sI s1/4
®id 4 7*
IS E® /A,
which is a filtered isomorphism by assumption of E = (E,Fil*E, pg) € F—Gauge(Spf(S)). O

Remark 3.13. Let us note that the functor in Theorem satisfies base change with respect to the
base prism: in the setting of the theorem, suppose we are given a map of prisms (4, 1) — (A,IA) and let

Z = Z x 5 A. Then we have a commutative diagram:

(F-)Gauge™ (X F-)Gauge" (Z/A)

F-)Gauge*(Z/A),
where the two unlabelled arrows are what constructed in Theorem [3.11] Indeed, tracing through the
construction in the proof of Theorem [3.11] ‘we are reduced to a similar statement with X and Z replaced

by S and S’ (and Z replaced by S =98% Ag% which immediately follows from the base change formula of
prismatic cohomology

S'/A @AZ = 57/;{’
as well as similar base change formulas for Nygaard filtrations (|[BS22, Theorem 15.2.(3)]).

Similar to Section [2:3] there is a natural notion of weight and weight filtration on the associated graded of
a relative prismatic F-gauge.

Definition 3.14. Let Z be a quasi-syntomic A-formal scheme, and let [a,b] be an interval in R U {—o00, c0}.
For a graded complex M*® € DGy p((Z/A)qrsp, Gry (_1}A).

(1) The reduction of M®, as a graded complex over ((Z/A)qsp; Oqrsp)s is defined as the graded base
change

—

Redz/a(M?®) := M'®G . @ Oqrsp-
I'N —/A
The i-th graded piece of Redy,4(M?*) is denoted as Red; z/4(M*).
(2) The graded complex M*® is said to have weights in [a,b] if M = 0 for i < 0 and
Red; z/4(M?®) = 0,Yi ¢ [a, b].
For a relative (F-)gauge E = (E,Fil*EM, or) over Z/A we define its reduction and weights by that of its
associated graded M® = Gr*E(),

Proposition 3.15. Let Z be a quasi-syntomic A-formal scheme, let x € {(), perf,vect}, and let a < b be two
integers.
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(i) Assume M*® € DG

p-comp
and exhaustive filtration Fill"*(M*®) on M*® indexed by i € [a,b], such that Grl'*(M®) is canonically

isomorphic to Red; z/4(M*)®0,Crly Q}A.

(Zgrsp, Gr'y (j} 1) has weights in [a,b]. There exists a unique finite increasing

(i1) Assume there is a map of p-adic formal schemes Z — X such that X is quasi-syntomic. Let
E = (E,Fil°F) € Gauge™(X) having weights in |a,b], and let E' be the associated relative gauge over
Z/A as in Theorem , Then E' also has weights in [a,b]. In fact we have a natural graded tensor
product formula:

Red/4(E') 2 Redx (E)®0, Oz.
Moreover the weight filtrations on M® = Gr*(E) and N*® := Gr*(E’) are related via a natural filtered
tensor product formula:

W o\ ~U T:TW o\ ° 1
Fill"(N*®) & Fily* (M*) &, Grly ).

Proof. Part (i) is identical with the proof of Theorem and we do not repeat here. For part (ii), it suffices
to check the claim quasi-syntomic locally, and we assume there is a quasiregular semiperfectoid algebra
S € Xqusp, a large quasi-syntomic algebra S’ € (Z/A)qrsp, together with a map S — S’ that is compatible

with X — Z. Then by proof of Theorem [3.11} we have Fil*E’(S")(1) = Fil'E(S)@Fﬂ;\r JFily (Sl,)/A. Notice
that we also have a commutative diagram of graded rings

0
S — 5 Gy § —F 8

| !

s s Gy §, S s

As a consequence, by the local formula of the reduction functors (Construction Definition [3.14)), we get
the tensor product formula
Redg//a(E') ~ Reds(E)&sS,

and the last formula follows from uniqueness of the weight filtration on N°®. O

3.3. Filtered Higgs complex and Hodge—Tate realization. In eye of Proposition [3.4] we study the mod
t specialization of a relative prismatic F-gauge in this subsection.

We start by considering the notion of filtered Higgs complex and the induced conjugate filtration on
Hodge-Tate cohomology. Let (A, I) be a bounded prism. Recall that for a large quasi-syntomic formal
scheme S over A, the relative Hodge Tate cohomology ring 75/ 4 admits an increasing filtration called
conjugate filtration, whose i-th graded factor is A'Lg, 5{—i}[—i] (see [BS22, Construction 7.6]). We use

Gre™ g/ = Dien N'Lg, 1{—i}[—1] to denote the associated graded algebra over S.

Definition 3.16. Let Z be a quasi-syntomic A-formal scheme.

(i) The category of filtered Higgs fields over Z/A is defined as the limit of co-categories

FilHiggs(Z/A) := lim  FilHiggs(Spf(S)/A),

(Z/A) e (Spf(5)/A)
where FilHiggs(Spf(S)/A) := DF p_comp(Filfonjis/ 4) is the category of p-complete filtered complexes
over the filtered ring Fils® ™ ¢ /A-

(ii) The category of graded Higgs fields over Z/A is defined as the limit of oco-categories

GrHiggs(Z/A) = Se(éi/rg) ‘ GrHiggs(Spf(S)/A),

where GrHiggs(Spf(S)/A) is the category of p-complete graded complexes over the graded ring
Gr‘.”“rS/A.
Here, similar to Remark for a map of large quasi-syntomic A-algebras S; — Sy, the completed
filtered /graded base change induces natural functors between FilHiggs(Spf(S;)/A) and GrHiggs(Spf(S;)/A).
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Similar to Definition for * € {vect, perf}, we use FilHiggs*(Z/A) (resp. GrHiggs*(Z/A)) to denote
the subcategory of filtered (resp. graded) Higgs bundles/perfect Higgs complexes.

Construction 3.17 (Associated graded functor). There is a natural functor by taking associated graded:
Gr : FilHiggs*(Z/A) — GrHiggs™(Z/A),

for x = {0, vect, perf}. When Z = Spf(5) is large quasi-syntomic, it sends a filtered Fi

FilyM to the graded Gr®™ g, 4-complex GreM = @),y Fil; M /Fil;_1 M.

JeoniT g /a-complex
ieN
We also have the quasi-syntomic sheaf property for categories of filtered and graded Higgs complexes.

Proposition 3.18. Let S — SO be a quasi-syntomic cover of large quasi-syntomic rings over A, and let
S(®) be the p-completed Cech nerve. Then for x € {perf, vect}, we have a natural equivalence

FilHiggs* (Spf(S)/A) ~ [l%mA FilHiggs™ (Spf(S™)/A),
nje

GrHiggs™ (Spf(9)/A) ~ [l%mA GrHiggs* (Spf(S(™)/A).
nje

Proof. One just mimics the proof of Proposition [2.29] and uses Proposition (2) as the main ingredient. [

Remark 3.19. Let us justify the appearance of “Higgs” in the above discussion. By construction, there is
a forgetful functor from FilHiggs(Z/A) to the category of Hodge-Tate crystals over (Z/A) |, by forgetting
the filtration structure. Moreover, when Z is affine and smooth over A, showing in [BL22b|, Corollary 6.6]
(independently by [Tia21l, Thm. 4.12], and for affine smooth Z that is small by [MW22 Thm. 1.1]) Hodge-Tate
crystals over Z/A are equivalent to quasi-nilpotent Higgs fields in complexes of Z/A. So we can think of
objects in FilHiggs(Z/A) as derived filtered generalizations of the usual notion of Higgs fields, over p-adic
formal schemes that may not be smooth.

To relate the relative prismatic (F-)gauge with the filtered Higgs field, we first recall the following observation
on Nygaard graded pieces of relative prismatic cohomology from [BS22l §15]. Assume the ideal T is generated
by an element d, which we fix for the rest of this subsection. Then one can define a twisted version of the
conjugate filtered Hodge—Tate cohomology, by

— A
S+— (colim Filg™ S/A{'}) )
P

onj

lzgonj*S/A — Fﬂg+1 75/14 with

where the transition map is given by the tensor product of the canonical map Fi
the twisting map d : I'/[*T! ~ [i+1/[i+2,
Fact 3.20. Let d be a generator of the ideal I. For a large quasi-syntomic A-algebra over S, the relative

Frobenius e : gl/)A —  g/a tidentifies the graded ring Griy fgl/)A with the Rees construction of the twisted

conjugate filtered Hodge—Tate cohomology Filﬁonjis/A{o}. As a consequence, for x € {0, perf, vect}, we have
an equivalence

DG

p-comp

Proof. The first identification of rings is in [BS22, Thm. 15.2.(2)] and also recorded in Proposition To get
the equivalence of categories, we simply notice that there is an equivalence of filtered derived categories

DF(FIC™ g 4) — DF(FICY g 4{e}),
FilyM — FilyM @4 I®°/1°T!,
which is compatible with the twisting of the conjugate filtered Hodge—Tate cohomology. O

. 1 * sjconj
(Gry g/)A):D]: (Filg®™  g/4).

p-comp

_ By taking limit ranging over all S € (Z /A)qusp, the above naturally extends to general quasi-syntomic
A-formal schemes.

Corollary 3.21. Let Z be a quasi-syntomic A-formal scheme, and let » € {), perf,vect}. There is an
equivalence of categories
DG

p-comp

((Z)A)arsp Griv 1) 1) = FilHiges™(Z/A).
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Definition 3.22. Let Z be a quasi-syntomic A-formal scheme, and let * € {(), perf, vect}. We define the
Hodge—Tute realization functor

(F-)Gauge" (Z/A) — FilHiggs*(Z/A)
to be the composition of the associated graded functor with the equivalence in Corollary [3:21] Namely it is
the limit of compositions

(F-)Gauge™ (Spf(S)/A) — DG,

p-comp

(Grly §4) = DFfcomp(FIS™  s/4) = FilHiggs" (Spf(S)/ A),

p-comp

where S ranges over all (Z/A)qsp-
The following relates Hodge—Tate cohomology and Higgs cohomology.

Proposition 3.23. Let Z be a quasi-syntomic formal scheme over A, and let x € {0, perf,vect}. Let
E = (E,FiI*EW ¢p) € F-Gauge*(Z/A) and let (M, FilyM) be the associated filtered Higgs field. Then g
induces the following isomorphisms

(1) twisted graded pieces Gr' EW{—i} of Fil*EM) and filtrations Fil; M of M;

(2) Hodge—Tate cohomology of E and Higgs cohomology of M.

As a consequence, for a relative F-gauge E over X/A, we get a natural filtration on RT'((X/A) , E), which
we call the conjugate filtration on Hodge-Tate cohomology of E.

Proof of Proposition[3.23, Let E = (E,Fil*EM, pg) be an object in F-Gauge* (Spf(S)/A) for a given S €
(Z]A)qesp, and let (M, FilyM) be the associated filtered Higgs field. On the one hand, by Remark the
map ¢p induces an isomorphism of complexes

. . . . A
(colimieZC o FIED @1t 5 FIMMtEM @ 1771 . .))( n = E,
P
whose reduction mod I is the Hodge-Tate cohomology, namely
. . . . A —
(A/I ® 4 colimez(- -+ — FILEM @ 7% — FilrM' EW @ 17171 — .. .)) ~E.
P

Moreover, by taking the mod I (where [ is having filtration degree 1) reduction within the colimit, we can

rewrite the left hand side as
A

(colimiez(' s GrPEV el 5 G EM @ T L )) ~F.

P
On the other hand, the twisted graded factor Gr®* E(\){—e} is the Rees construction for the associated filtered
Higgs field Fil, M. In particular, the Higgs cohomology, which is the underlying complex M of the increasingly
filtered objects Fil; M, is equal to
A

(colimez (- -+ — FilM — Filiy M — ---))h = (colimiez(- S GrEM ) o G EM 1) ))
p

Hence the relative Frobenius identifies the Hodge—Tate cohomology of the F-gauge FE with the Higgs cohomology
of the associated filtered Higgs field M, and sends GriE(l){—z’} isomorphically onto Fil; M. For arbitrary
quasi-syntomic A-formal scheme Z and a relative F-gauge E € F-Gauge*(Z/A), since the above isomorphisms
for E(9) is functorial in S € (Z/A)qsp, by passing to limit we may conclude the isomorphism of cohomology
in general. O

The identification in Corollary [3.21]in particular allows us to study the notion of weights on filtered Higgs
complexes. Following Definition E.14|, for x € {0, perf, vect}, we let Red z/4 be the base change functor

_®Filgon‘j7 Aoqrsp

FilHiggs" (Z/A) ———"—— DG’ omp(O2),

which by construction factors through the quotient functor Gr: FilHiggs*(Z/A) — GrHiggs*(Z/A). A filtered
Higgs complex M is of weight [a,b] if Redz,4(M) lives within degree [a, b].
Translating Proposition [3.15] using Corollary [3.2I] we get the weight filtration on filtered Higgs fields.
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Corollary 3.24. Fiz a generator d of the ideal I, let Z be a quasi-syntomic p-adic formal scheme over A,
and let x € {0, perf, vect}. For a filtered Higgs complex M € FilHiggs*(Z/A) of weight [a,b], there is a finite
increasing and exhaustive filtration wte(M) of range [a,b] on M such that the I-th graded piece wt; (M) is
naturally isomorphic to Red; z/4(M) ®o, Filﬁ"“ji,/A.

By taking the direct image to the Zariski site of Z, we can analyze the graded factors of the conjugate
filtration on Hodge—Tate cohomology.

Construction 3.25. Denote by A\: Zg s, — Zzar the natural map of ringed sites. Then there is a natural
graded derived pushforward functor between two graded derived category of presheaves

R, : DG((Z)A)qrsp, OFSH) = DG(Zar, OFSH).

qrsp

Remark 3.26. For any open U C Z, the evaluation of R\, at U of quasi-syntomic sheaves is given by the
unfolding process, see Proposition and Remark [3.2]

We now use weight filtration to subdivide the Hodge—Tate cohomology and Higgs cohomology into smaller
pieces, where each of them can be understood using the reduction functor and differential forms.

Corollary 3.27. Let Z be a smooth A-formal scheme of relative dimension n, let * € {vect, perf}, and let
M € FilHiggs™(Z/A) be of weight [a,b]. The j-th graded factor GrjRA\.M is zero unless j € [a,b+ n]. In the
latter case it admits a finite increasing filtration such that the i-th graded factor of this filtration is

(Redgti,z/a(M)) ®ox QjZ*/j{i{a +i—jHa+i—j], max{0,j —a—n} <i<min{j,b} —a.
In particular, if @, Red; z/4(M) is given by a coherent sheaf over Oz, then we have
GI'jR)\*M c D[max{j—b,o},min{j—a,n}] (OZ)

coh

Here in the calculation, we implicitly use the fact that for a smooth A-formal scheme of relative dimension
n, the relative sheaf of differential Q! /4 Is zero unless | € [0,n].

For the future usage, we also record a special case when an F-gauge comes from an I-torsionfree coherent
F-crystal, where we can show that the reduction of the associated filtered Higgs field (which is the same as

the reduction of the gauge by Corollary |3.21)) is coherent. This is summarized in the next result.

Corollary 3.28. Let f : X — Y be a smooth morphism of smooth p-adic formal schemes over Ok, and
let (€,pg) be an I-torsionfree coherent F-crystal over X. For a bounded prism (A,I) € Y such that
Spf(A) — Y is p-completely flat, let B’ = BCx x ;/a(Ilx(€)) be the associated relative F-gauge over X /A
G Theorem and Theorem . Then the reduction Redx_/4(E") is a graded coherent sheaf over Ox.

Proof. Using the identification in Corollary [3:2I] this follows from the complete base change formula
Redy /a(E') ~ Redx (E)®o0, Ox, in Proposition (ii): since Redx(F) is coherent over Ox (Theo-
rem [2.47) and X5 — X is p-completely flat, the complete base change is also coherent. O

3.4. Completeness of Nygaard filtration via filtered de Rham realization. In this subsection, in eye
of Proposition we study the mod % specialization of a relative prismatic F-gauge in this subsection. The
following definition and sheaf-property proposition is completely analogous to previous subsections.

Definition 3.29. Let Z be a quasi-syntomic A-formal scheme. The category of filtered connections over Z/A
is defined as the limit of co-categories

FilConn(Z/A) := Se(éi/rg) FilConn(Spf(S)/A),

where FilConn(Spf(S5)/A) := DFp-comp(Filz;dR(S/A)) is the category of p-complete filtered complexes over
the filtered ring Fily;dR(S/A). Here, similar to Remark for a map of large quasi-syntomic A-algebras
S1 — Sa, the completed filtered base change induces natural functors between FilConn(Spf(S;)/A).

Similar to Definition [2.21] for x € {vect, perf}, we use FilConn*(Z/A) to denote the subcategory of filtered
bundles/perfect complexes with flat connection. Just like before, all these form quasi-syntomic sheaves.
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Proposition 3.30. Let S — S©) be a quasi-syntomic cover of large quasi-syntomic rings over A, and let
S(®) be the p-completed Cech nerve. Then for x € {perf,vect}, we have a natural equivalence

FilConn*(Spf(S)/A) ~ [l%mA FilConn* (Spf(5(™)/A).
n|e

Proof. One just mimics the proof of Proposition and uses Proposition (3) as the main ingredient. O

Before we proceed to the next result, we need to discuss the notion of “perfect complex” in great generality.
We collect the discussion in the following:

Digression 3.31 (|[Lurl7l §7.2.4]). We begin by recalling [Lurl7, Definition 7.2.4.1]: Let R be an E;-ring,
then the subcategory of left perfect R-complexes in the oco-category of left R-complexes is defined as the
smallest stable subcategory containing R and closed under retracts, objects of this subcategory are called
left perfect R-complexes. Immediately after this definition, Lurie proved [Lurl7, Proposition 7.2.4.2]: In the
above setting, left perfect R-complexes are the same as compact objects among left R-complexes, and they
generate the oo-category of left R-complexes. In fact there is a third characterization of perfectness [Lurl7,
Proposition 7.2.4.4]: it is equivalent to being dualizable.

For our purpose, we need analogous results in the filtered setting. Via Rees’s construction [Bha22, §2.2],
we are led to consider analogs of the above in the graded setting.

Definition 3.32. Let R® be a graded E;-ring, then the subcategory of graded left perfect R®-complexes in
the co-category of graded left R®*-complexes is defined as the smallest stable subcategory containing R*® (i)
for all ¢ and closed under retracts. Here (—)(i) denotes shift of grading by i. We denote this subcategory by
gLModﬁf.rf, objects of which are called graded left perfect R®-complexes.

Recall that given a graded E;-ring R®, we may form its direct sum totalization (abbreviated as totalization
below) @, ;, R, similarly for a graded left R*-complex, we may form @,., M*, these are E;-ring and left
modules over it respectively. Here is an analog of [Lurl7, Proposition 7.2.4.2].

Proposition 3.33. Let R® be a graded E,-ring. Then:

(1) The co-category GLModge is compactly generated.

(2) An object of ng\/Iodlf;f.rf is compact if and only if it is perfect.
Moreover the property of being perfect/compact is equivalent to the totalization being perfect/compact as a
complex over the totalization of R®.

Proof. The proof of (1) and (2) are exactly the same as that in loc. cit: Tracing through the proof there, we
just need to observe that if Map e (R®(i)[j], M*) = 0 for all ¢, j, then M*® = 0. As for the last statement: it
simply follows from the fact that taking totalization has a right adjoint preserving filtered colimit:

LModgy, pi — GLModpe, M — M &g riy | D R*G) |,
JEZ
where the map @, R' — @ jez R*(j) is the canonical map realizing the source as the deg = 0 piece of the
target. O

Remark 3.34. If R*® is a graded discrete commutative ring, then graded R®-complexes are the same as
quasi-coherent complexes on the stack [Spec(@D; R')/G,,), whose perfectness is defined by that of its pullback
to Spec(€D; R?). This is a well-defined notion due to flat descent of perfectness (see [Sta23, Tag 066X| and
[Sta23l |Tag 068T|). Our proposition above shows that in this special case, the perfectness in classical sense
agrees with our definition here.

Now let us translate our discussion of graded rings/complexes to filtered setting via the Rees construction.

Definition 3.35. Let Fil*S be a filtered E;-ring with its associated Rees construction R®, viewed as a graded
E;-ring. Then the Rees construction (c.f. [Bha22, Proposition 2.6]) induces an equivalence of co-categories

FLMOdFil-S = QLModR-.
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We then define a filtered left complex Fil*M to be perfect if its image under the above equivalence is
perfect. Since the above is an equivalence, we immediately see that the subcategory of filtered left perfect
Fil®S-complexes can be alternatively defined as the smallest stable subcategory containing (Fil®S)(i) for all i
and closed under retracts. Here once again, we use (—)(i) to denote shift of filtration by i.

The following is a simple translation of Proposition [3.33] via the Rees equivalence.

Proposition 3.36. Let Fil*S be a filtered Eq1-ring. Then:

(1) The oo-category FLModpjes is compactly generated.

(2) An object of FLModgies is compact if and only if it is perfect.
Moreover the property of being perfect/compact is equivalent to its underlying Rees construction being per-
fect/compact as a Rees(Fil®S)-complex.

We also get the following useful property of filtered left perfect complexes over a complete filtered ring.

Proposition 3.37. Let Fil*S be a filtered Eq-ring which is complete with respect to its filtration. Any filtered
left perfect Fil*S-complex is complete with respect to its filtration.

Proof. We simply observe that such filtered left complexes form a stable subcategory containing (Fil®S){(i) for
all 7 and closed under retracts. Therefore it must contain the subcategory of perfect complexes. O

Analogs of flat locality of perfectness (see [Sta23], Tag 068T]) in derived algebraic setting has been considered
and worked out by various people, we shall use the notion of “descendability” by Mathew, see [Mat16], Definition
3.18]. Below let us collect some useful facts about descendable maps between E..-rings.

Digression 3.38 ([Matl6, §3], see also [BS17, §11.2]). Descendability is preserved under base change, see
[Mat16] Corollary 3.21]. If R — S is a descendable map between Eo-rings, and let S(*) be the Cech nerve, then
[Mat16] Proposition 3.22] gives the “usual descent” statement: the oo-category of R-complexes is equivalent to
that of “descent data of S(*)-complexes”. Combining with [Mat16, Proposition 3.28], we see that an R-complex
M defined by an S-complex N together with a descent data is in Mod%erf if N e Modgerf.

Since we shall be working in the derived complete world, let us remark that all above statements work in
the derived complete setting. In fact Mathew works with general “stable homotopy theory”, examples of which
include p-complete spectra, and p-complete (or (p, I)-complete) A-complexes for some bounded prism (A4, I).

In [BS22] Lemma 8.6] one finds an interesting example of descendable map between two (p, I')-complete
E-rings, what we need is the following slight generalization.

Proposition 3.39. Let (A, = (d)) be a bounded prism with A = A/I, let A(X) — R be a p-completely
étale map, and let Ry = R@)mK)A(Xl/pw). Then the filtered maps

Fily RE(SPE(R)asyns 1) — Filly &4
and
Fil%,dR(R/A) — Fil%dR(Rs/A)

induce descendable maps between their underlying Rees algebras.

Proof. Since descendability is preserved under base change, we are immediately reduced to the case where
A(X) = R. It suffices to prove the statement when there is only one variable, as the general case follows from
tensoring up one variable case. Just like the proof of [BS22, Lemma 8.6], we use F' to denote the fiber in both
Rees algebra maps, and we just need to show F'®2 has only nullhomotopic maps to the Rees algebra for the
filtered sheaves evaluated at Spf(R).

For the case of Nygaard filtered (71; 4> by completeness, it suffices to check the above claim after modulo %

(using notation from Proposition ; by the Proposition we are reduced to the case of Hodge filtered
dR(—/A). At this point, we simply proceed as in the proof of [BS22, Lemma 8.6]: By completeness we may
further reduce mod p, then our map has a model defined over F,,, and the proof as in loc. cit. applies to show
the relevant mapping space has only one component. O
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Theorem 3.40. Let Z be a smooth A-formal scheme. Let E = (E, Fil'E(l)) be a prismatic gauge in perfect
complezes over Z /A, let £ be a prismatic crystal in perfect complexes over Z/A, and let (F, Fil*F) be a filtered
perfect complex with connection over Z/A.

(1) For any affine open U = Spf(R) C Z which admits a formal étale map to @A, the filtered complexes
Fil* EO(U) and Fil*F(U) are perfect as filtered Filjy S)A-complexes and FilydR(U/A)-complezes
respectively.

(2) The assignments S +— E( g/a) and S — EM( s/a) = &( S/A)Q%A#,AA defines quasi-syntomic sheaves
on (Z/A)qsp. With notation as in (1), the complex E(U) is perfect over 4. Moreover the natural
map

EU)®ap, A — EDU)
is an tsomorphism.

(8) The filtrations Fil* EMV)(Z) and Fil*F(Z) are complete.

Here the evaluation at U of quasi-syntomic sheaves is defined by the unfolding process, see Proposition
and Remark

Proof. For (1): Fix a p-completely étale map A(X) — R. Let R(®) be the Cech nerve of R — R, where
Ry = R®A<§>A<&l/pm>. By Remark [3.2] the values Fil* E()(U) and Fil® F(U) are given by the descent of
their values on R(®). By Proposition we need to check their associated Rees’s construction is perfect.
Notice that the values on each of the R® are perfect by assumption, so we only need to descend perfectness down.
Finally we are reduced to Proposition by descent of perfectness along descendable map (Digression .

For (2): the first statement follows from the fact that _,4 and (_1; 4 are quasi-syntomic sheaves (by
Hodge—Tate and de Rham comparison respectively), and the perfectness assumption on £. Then the perfectness
of E(U) over /4 can be proved exactly as in (1). Lastly, with notations as in the proof of (1), we need to
show the following natural arrow:

EU)Bap, A — lim EM(R®)

is an isomorphism. We first observe base change formulas: £(U)®4,,A4 = E(U)® A S/)A as well as
EW(RO) = £(U)® oa g(),)/A. By perfectness of £(U) over 7,4, using the above base change formulas,

we are reduced to showing that the unfolding of 9} Lt Uis gy A® A,p4A: This follows from the de Rham
comparison as in [BS22, Theorem 15.3].

As for (3): quasi-syntomic sheaves are in particular Zariski sheaves, so it suffices to check completeness
for the values on a basis of opens in Zz,,. To that end, we simply use (1) and Proposition to reduce
ourselves to the completeness of the Nygaard and Hodge filtration on smooth algebras. The Hodge filtration
for smooth formal schemes is a finite filtration, hence complete. The claim about Nygaard filtration can be
found in [LL20, Lemma 7.8.(1)], the proof is quite easy: by %—completeness, we may check the completeness
of filtration after modulo %, but then Proposition reduces us to checking completeness of Hodge filtration

for smooth formal schemes. O

In a private communication, Bhatt told us that [BL22b, Theorem 7.17] is proved by a similar argument.

4. HEIGHT OF PRISMATIC COHOMOLOGY

In this section, we study Verschiebung operator and the Frobenius height of prismatic cohomology, with
coefficients in coherent prismatic F-crystals.

Recall that in Construction we defined a natural graded derived pushforward functor between two
graded derived category of presheaves

R). : DG((X/A) qusp, OF) = DG(X0r, OFFM).

arsp
Also recall that in Theorem we have attached an F-gauge IIx(€) on X to an F-crystal (€, ¢¢) on X,
then according to Theorem we obtain a relative F-gauge BCx x /4 (Ilx(€)) over X 5/A. Using these
constructions, our first main theorem is the following.
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Theorem 4.1. Let f: X =Y be a smooth morphism of smooth p-adic formal schemes over Ok that is of
relative dimension n, and let (A,I) be a bounded prism over Y such that Spf(A) — Y is p-completely flat.
Assume (£, pg) € F-Crys™(X) is I-torsionfree of height [a,b], with (E,Fil*EM, &g) the associated F-gauge.

(i) For each j € 7, the complex R\, Gr? EQV lives in D([:%f}(OXA).
(ii) The filtered complex RAFiIZ" P EM) s equivalent to the I-adic filtration R\, IZ"TPE() = [2n+b g
RAEW.

(ii) The map ¢ induces a natural isomorphism of the truncations
Pr<ir, : REN(FIITTPEW) & RSN (I'TPE) = I'+P @ RSI\LE, Vi€ N.
Combine (i) and (ii) above, we see that RA.E and RA.Fil*EM live in D07 (X).

Remark 4.2. Note that in the special case when £ is the prismatic structure sheaf O |, this is shown in
[LL20L Lem. 7.8], which essentially follows from the calculation of graded pieces of Nygaard filtration as in
[BS22, Thm. 15.2].

Proof. Denote by (€, Fils€) the associated filtered Higgs field as in Definition By Corollary and
Corollary for each [ € Z, we have

RA.Gr€ € DM(0y).

coh
Since RA,Fil;€ admits a finite increasing and exhaustive filtration with graded pieces being R\.Gr;E, we see
the cohomological bound and coherence in (i) hold for RA,Fil;€.

To compare the two filtrations, by the filtered completeness of Fil* (") in Theorem and that of the
I-adic filtration, it suffices to compare the map of associated graded pieces. We let C7 be the cone of the
Frobenius map ¢¢ : FiV E®) — [7F. regarded as a descending filtered complex via the filtration C'27. Then
for each j € Z, the graded piece Gr’C*® by definition is

Cone(pg : Gr/ED — E{j}),

with the left hand side identified with Fil;£{j} by Proposition (i). So we get Gr/C*® ~ Fil>;41£{j}. By
Corollary and Corollary the filtered complex RA.(Fil>;11£{j}) has a finite increasing and exhaustive
filtration ranging from the filtered degree j + 1 — b to n (and the entire term vanishes when j 4+ 1 — b > n.),
such that the [-th graded piece lives in DLT;X{I’O}’H]
Corollary again, we have

(%) RAGrIC® € plmaxtiti=bOinl oy

A

(Ox). So by induction and the aforementioned facts in

which vanishes when j + 1 — b > n. This means that the Frobenius map induces an isomorphism from
RA.Cr/EM to RAE{j} for j+ 1 —b > n, and R\ (Fil*EM) is eventually the I-adic filtration.

Finally by the completeness of the filtration, item (iii) follows from a reformulation of (x) that for each
j >i+b, we have R\, Gr’C*® lives in D[Hl’n](OX,). O

coh A

By taking the higher direct image along a proper smooth morphism, we can estimate the height of each
individual prismatic cohomology. This is analogous to the work of Kedlaya bounding slopes of rigid cohomology
as in [Ked06, Thm. 6.7.1].

Theorem 4.3. Let f: X — Y be a smooth morphism of smooth p-adic formal schemes over Ok that is
of relative dimension n, and let (A,I) € Y such that Spf(A) — Y is p-completely flat. Assume (&, p¢) €
F-Crys®(X) is I-torsionfree of height [a,b], and we denote E = (E,Fil*EMW) &p) the associated relative
F-gauge over X 5/A. For an integer j > a and a non-negative integer i, the Frobenius structure on the i-th

relative prismatic cohomology induces a natural commutative diagram

H (X A)qrap, FiV ED) — s H(X/A) quep, ED)

/| o

I @H((X/A)gsps E) — 1% @ H ((X/A) qusp, E),
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where the horizontal arrows are defined by the canonical maps and the vertical arrows are given by Frobenius
morphisms on E. Then we have:

(i) the map ¢’ is an isomorphism when j > b+ min{i,n}, and

(i) the map u? is an isomorphism when j < a + max{0,i — n}.

Proof. We first notice that as the F-crystal (€, pg) is I-torsionfree and of height [a, b], the Frobenius map
sends €1 into 1°€ ~ I* ® £ C £[1/1], and sends Fil*EM) into I* ® E. So the diagram in the statement can
be obtained by applying the functor H(X, —) at the following diagram of complexes over (X z)zar:

RAFIVED ¥ px EW
m*%l J{R)\*LZE

'@ R\E — RA\(I*® E) ~ I @ R\, E.

To show item |(i), we apply H*(X, —) at the isomorphism of sheaves from Theorem [4.1ll(iii)| which immediately
implies that the map ¢’ is an isomorphism when j > b+ i. It is then left to show that the map ¢7 is
an isomorphism when j > b+ n, and we assume now that i > n. Since both R\ Fil*E(M™ and RM.F
live in cohomological degree [0,n] (Theorem and , the Leray spectral sequence for the map

ol = Hi(X, R)\*fﬁ%) is computed by the following n-terms
H (X, R"\.3%), .. ., H(X, RON 7).

Notice that by Theorem [4.1li(iii)| the map Rl)\*nﬁg is an isomorphism when j > b+ [. Thus the map ¢’ is an
isomorphism when j > b + n, as the number [ ranges from 0 to n.
For the sheaf of complexes Cone(v’) admits a decreasing filtration, which by Proposition satisfies

. S < i_
Grl(Cone(vJ)) _ {Flllg{l}t, 1<j—1,

Moreover, by Corollary and Corollary each Fil;E{l} lives in D([:%’ﬁnin{l*a’n}]((’) x)- So by the filtered

completeness of Cone(v7), the complex Cone(v?) itself lives in Dg’;n in{y 717“’””((’) x ), which is zero when

j—1—a <0, or equivalently j < a. This in particular implies that when j < a, the map v’ and hence u’ are
always isomorphisms for all the integers i. To finish the proof of we are left to consider the case when
i > n. Using Leray spectral sequence again, the cone of the map w/ = H*(v?) is computed by the following
terms
HI~"(X, H"(Cone(v?)), ..., H" (X, H'~"(Cone(v”)),

where we implicitly use the fact that H (X, H*~!(Cone(v?)) = 0 for I > n. In particular, when j < a+i—n, as
the complex Cone(v7) lives in D([gf“n{]_l_a’n}_] (0x) c DOmMi==Lmdl (0 ) the terms computing Cone(u?)
above are all equal to zero. Hence the map w’ is an isomorphism when j < a + ¢ — n, under the assumption
that 7 > n. O

Analogous to [BS22, Cor. 15.5], we can extend the Verschiebung operator on individual prismatic cohomology
sheaf to general coefficients.

Corollary 4.4. Keep the same assumptions and notations as in Theorem[[.1. Then for i € N, there is a
natural map

Y I @4 RSN E — RSN EM,

such that its compositions with Frobenius morphism ¢ : RSN\, EY) — RSN\ E are canonical maps induced
from inclusions I't? C A, namely

pot ~can: [ @ RSN\, E — RS\ E;
Yop~can: ['" @ RSN EMN — RSN EW.
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Proof. Let C be the sheaf of complexes RS\E, and let (V) be its pa-linear twist, which by flatness is
RS\, EM. Similarly we let Fil?’C() be the complex RS, (FilV EM). Define the map ¢ by the following

composition
-1

C @I 4>¢R‘ > Fil'tP o™ —<n, o)

The first composition formula then follows from the following enlarged commutative diagram
—1

RS,

. W
Cortt 2 Filtte) 2, [i+b g ¢

e Joo

cn ¢ ¢

For the second formula, it follows from the observation that the composition below is the canonical map
-1
it @ O % Jith g 0 R Ryt o)
O

Recall that evaluating at prisms whose reduction is p-completely flat is t-exact, see Proposition 211 By
taking all the bounded prisms (A,I) € Y such that Spf(A) is p-completely flat over Y, the above implies the
following result on individual relative prismatic cohomology crystal.

Corollary 4.5. Let f : X — Y be a smooth proper morphism of smooth p-adic formal schemes over Ok,

and assume (£, pg) € F-Crys®(X) is I-torsionfree of height [a,b]. Fori € N, the R'f € is a coherent

prismatic F-crystal over Y | such that the image of its Frobenius morphism ¢ within I @ R'f & satisfies

the inclusions: ’
(2" @ Rif - €) CIm(g) C In(Z* " g Rif €).

In particular, the I-torsionfree quotient of R'f & has Frobenius height in [a + max{0,i — n}, b+ min{i,n}].

Here we implicitly use Theorem@&) to identify R’ f £ M) with oy RUf £ for the Frobenius morphism
of RTf E.
The followmg lemma says that passing to I-power torsions or I-torsionfree quotient preserves F-crystals.

Lemma 4.6. Let X be a smooth p-adic formal schemes over O, and let (€, pg) € F-Crys™"(X) be a
coherent F-crystal. Then F = E[I*] is (I, p)-power-torsion, hence % F[1/I] =0= F[1/I]. In particular,
we have a coherent F-crystal (F,0), and the pg induces a Frobenius isogeny on E/F making it an I-torsionfree
coherent F-crystal.

Proof. On Breuil-Kisin prisms (A,I) € X , we have F(A) = £(A)[I*°]. Tt suffices to know that F(A) is
p-power torsion. This follows from [DLMS22 Proposition 4.13]: the authors showed that £(A)[p~!] is a finite
projective A[p~1]-module, hence F(A)[p~1] = 0. O

Next we show the derived pushforward of I-power torsion prismatic F-crystals will have isogenous Frobenius,
for trivial reasons.

Proposition 4.7. Let f: X — Y be a qcgs smooth morphism of smooth p-adic formal schemes over
Ok, and let (£,¢p¢) € F-Crys™(X) be an I™°-torsion F-crystal on X . Then both Rf _E[1/I] =0 and

¢y Rf ,E[1/1] =0. In particular, we have (Rf & Rf.(¢g)) € F-Crys*(Y).

Proof. The claim about Rf _E[1/I] = 0 follows immediately from the assumption that E[1/I] = 0 and the
map being qcgs. Below we show the other claim. By standard argument, we are immediately reduced to
the case of Y = Spf(Ryp) is an affine and X = Spf(R) is also an affine which moreover admits an étale chart:
Namely we may assume that there is an étale map Ro(T ) — R.

Mimicking [DLMS22] Example 3.4], we see that one can find a Breuil-Kisin prism (A, I) covering Y as
well as a Breuil-Kisin prism (B, J) covering the relative prismatic site (X/A) , and moreover the relative
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Frobenius ¢p/4: B@A#,AA — B is faithfully flat. Similar to Proposition the object (B,J = IB) is
weakly final in (X/A) , and its (i 4+ 1)-fold self product in (X/A) exist for all ¢ € N and are all given by
affine objects denoted as (B(i), I B(i)). With the above notation, the vanishing we are after translateeﬁ to:

lim EB®, IB)&4.,,A[1/1] = 0.
oc

To that end, it suffices to show £(B(®), IB®))®4 ., A[1/I] =0, and in fact it suffices to show this when e = 0
(as the latter ones are base changed from this case). Finally, since the relative Frobenius on B = B is
faithfully flat, we are reduced to knowing (B, IB)®p. ., B[1/I] = 0. But this follows from the Frobenius
isogeny property of &:

E(B,IB)®g,,,B[1/1] % £(B,IB)[1/1]

and the assumption that £ is I°°-torsion (so the latter module in the above equation is 0).
As for the last sentence, we just note that (see for instance [GR22) Proposition 5.11]) Rf _& is a prismatic
crystal in perfect complex over Y. (]

Now we are ready to generalize the “Frobenius isogeny property” and “weak étale comparison” in [GR22].

Theorem 4.8. Let f: X — Y be a smooth proper morphism between smooth formal schemes over Spf(Ok),
then derived pushforward of F-crystals in perfect complexes on X are F-crystals in perfect complexes on'Y
moreover the following diagram commutes functorially:

Rf l lan,*
F-Crys* (v) L p(®)

lisse

(Yo, Zp)-

Proof. Let (£, ¢¢) be in F-CrysP® (X). Tt is known (see for instance [(GR22] Proposition 5.11]) that Rf LE s
a prismatic crystal in perfect complexes over Y. To see the induced Frobenius on Rf _& must be an isogeny,

we first reduce ourselves to the case where (€, pg) € F-Crys®"(X). By considering the I*-torsions of £ and
its I-torsionfree quotient, which are coherent F-crystals by Lemma we are done thanks to Proposition [£.7]
and Corollary [£.4] respectively.

To see the commutative diagram, we recall by construction in [BS23, Cor. 3.7] that the étale realization
T(Rf ’*5) is isomorphic to the sheaf of complexes over Y, ;,04t, sending an affinoid perfectoid Huber pair
(S[1/p], S) over Y, onto the following complexes

ﬁb( (Rf EN/ID)Awme(S), 1) — = (Rf E[L/T)) (A (), ), )

namely
T(Rf .€): (S[1/p,8) — ((BRf EN/T)(Awr(5). 1))

On the other hand, by applying derived global section at weak étale comparison in [GR22, Thm. 6.1], for any
perfect prism (A,I) in Y , there is a natural isomorphism of Z,-complexes

RE(Xog)proet, T(€)) = (RS LEL/TAD)

where X is the complete base change X xy Spf(A4). As a consequence, by taking the inverse system with
respect to perfect prisms associated to affinoid perfectoid Huber pairs (S[1/p], S) over Y;, we get a natural
isomorphism of Z,-complete complexes over Y,

Rfy T(&) ~T(Rf E).

4T5 see this translation, we refer readers to the discussion around [BS22| 4.17-4.18 and their footnote 10.]



Combining the above with Lemma [2.16] we get the following slight refinement of the “weak étale comparison’
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)

[GR22 Theorem 6.1].

Corollary 4.9. Let f: X — Y be a smooth proper morphism between smooth formal schemes over Spf(O),
and let (£, ¢p¢) € F-Crys*™ (X). Then T(R'f €)= R'f, .(T(E)).
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